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¸ F _b¹ M�º¡M�»4¼4MZ½�Q	º¡Q�¾4¼À¿�Á!Â�ÃLM�ÄJ¼ ¹ Q»4¼°ÅÆR�½�Q	º¡Q�¾4MnÂ�Á�QP�¼°ÃL¼°½�QÇ4¼L¼ÀÈ4¿É¾4Q!Â�Á¼ÊÈ4M�O4M�Ë
Ì M�»4»4Í`Î©F)Ï¡ÐAÑ�Ñ�Ò©ÓAÔ�ÕÖÒÊÑ�ÖÑ�Ô�×�Ò¡ØhÙ�ÖÚYÚY×�Õ×�ÛÜÖ!Ð�Ý�Þ�Ûß�àlØ	Õ!ÐAá�Û×�ÛÖâ

ẋ = f(x), x(t) ∈ Rn, ã�ä�å
y = h(x), y ∈ Rk, ã < å

æ Ù�× y(t) ç á�ß�à�Ó�ÙèÑ�ÖÑ�Ô�×�Ò©ß3é4ê�Û!Ð+ë×�ÛÖ�ìÉí	ÓAÔ�Ó�ÕÓ æ ÓZÖ�ê�á�×�Ñ�Ô�ÛßîÛ!ÐGÝ�ïñð�Ó�âWÔ�Õ!Ð&×�í�Ô�Ó�ÕÖÖòÑ�ÖÑ�Ô�×�Ò©ß
ã�ä�å D!ó3Õ×�Ù�ôÓ&Ý¯Ð æ ÐA×�Ô�Ñ�ì�é�ë�Ô�ÓVÚ3Ø	ÛíÜÖÖ f(x), h(x)

ìá&Ý!ìïõÔ�Ñ�ìGÙ�ÖÚYÚY×�Õ×�ÛÜÖÕ�Ø�×�Ò©ß�Ò©ÖZÚ3Ø	ÛíÜÖ�ì	=
Ò©ÖpÑ�á�Ó�Ö	àpÐAÕ æ Ø	Ò©×�Û�Ô�Ó�áé&Ð�Õ×�ö:×�ÛÖ× x(t) ç Ó æ Õ!ÐAÛÖë×�ÛÛ!Ð&ìpÚ3Ø	ÛíÜÖ�ìbá�Õ×�Ò©×�ÛÖ�D�ÏLÐ&ê�Ó�ðA÷°×�ÒZá�×�í�Ô�Ó�Õ
x
Û!ÐhÙ�á�Ð#ôÓ+Ù�á�×�í�Ô�Ó�Õ!Ð

x = (x1, x2)
T
é æ Ù�× x1 = (x1, x2, . . . , xk)T , x2 = (xk+1, xk+2, . . . , xn)T

D
ø�×�êVÓ æ Õ!ÐAÛÖë×�ÛÖ�ìWÓ�ðAù:ÛÓ�Ñ�Ô�ÖWðAØ�Ù�×�ÒúÑ�ëÖ�Ô&Ð&Ô�Þé°ë�Ô�Ó#Ñ�ÖÑ�Ô�×�Ò®Ð ã�ä�å é ã < å Ñ:ôÓ�Ò©ÓAù:Þ�ïûê+ÐAÒ©×�Ûßüô×�=Õ×�Ò©×�ÛÛß�à�ôÕÖá�×�Ù�×�Û!Ð�íýá�Ö	Ù!Ø�éõôÕÖþí�ÓAÔ�Ó�ÕÓ�Ò�Ö�ê�Ò©×�Õ�ìïõÔ�Ñ�ì�ô×�Õá�ß�×

k
í	Ó�Ó�Õ�Ù�ÖÛ!Ð&Ô�é5Ô�ÓÊ×�Ñ�Ô�Þ

y(t) = x1(t)
D¯93ÕÓ�Ò©×YÔ�Ó æ Óé�Ó æ Õ!ÐAÛÖëÖÒÀí	Ý¯ÐAÑ�ÑpÕ!ÐAÑ�Ñ�Ò®Ð&Ô�ÕÖá�ÐA×�Ò©ß�ànÓ�ðA÷°×�í	Ô�Ó�áÿÑ�ÖÑ�Ô�×�Ò®ÐAÒ©Ö�é�ôÕ!Ð�=á�ß�×Yë!ÐAÑ�Ô�ÖlØ	Õ!ÐAá�Û×�ÛÖâZí�ÓAÔ�Ó�Õß�àhÝ�ÖÛ×�âÛß�ÓAÔ�ÛÓ�Ñ�Ö�Ô�×�Ý�Þ�ÛÓÿÛ×�Ö�ê�Ò©×�Õ�ì×�Ò©ß�àZô×�Õ×�Ò©×�ÛÛß�à

x2(t) �










ẋ1 = f1(x1) + g1(x1)x2,

ẋ2 = f2(x1) + g2(x1)x2,

y = x1.

ã C å
� Ù�×�Ñ�Þ

g1(x), g2(x) ç Ò®Ð&Ô�ÕÖÜßÀÕ!Ð&ê�Ò©×�ÕÛÓ�Ñ�Ô�×�â k× (n−k)
Ö

(n−k)× (n−k)
Ñ�Ó�ÓAÔ�áA×�Ô�Ñ�Ô�á�×�Û!ÛÓD

�YÐAÕ�ì	Ù!Ø^Ñ1Ñ�ÖÑ�Ô�×�Ò©Ó�â ã C å Õ!ÐAÑ�Ñ�Ò©ÓAÔ�ÕÖÒèØ	Õ!ÐAá�Û×�ÛÖ�ìh×�×ñØ	ôÕ!ÐAá&Ý!ì×�Ò©Ó æ Ó`ôÕÓAÔ�ÓAÔ�Öô!Ð�Dó3×�Õ×�ôÖ	=ö:×�ÒÉØ	Õ!ÐAá�Û×�ÛÖ�ì ã C å é�ôÕ×�Ù�ôÓ&Ý¯Ð æ Ð&ìÿë�Ô�ÓpÖ	à^ôÕ!ÐAá�ß�×5ë!ÐAÑ�Ô�ÖÿÒ©Ó æ Ø�Ô:Ñ�Ó�Ù�×�Õ��VÐ&Ô�Þ n
ôÕÓ�Ö�ê�á�Ó&Ý�Þ�Ûß�à

Ú3Ø	ÛíÜÖâ
u1(.) ∈ Rk, u2(.) ∈ Rn−k �

{

ṗ1 = f1(p1) + g1(p1)p2 + u1,

ṗ2 = f2(p1) + g2(p1)p2 + u2.
ã���å

� Ð�Ù¯Ð�ë!Ð^ÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ìZÙÝ!ìjÑ�ÖÑ�Ô�×�Ò©ß ã���å ìá&Ý!ì×�Ô�Ñ�ì	� ä�
 é�� > 
 Ó�Ù�ÛÖÒÀÖ�ê:Ñ�ôÓ�Ñ�Ó�ð�Ó�áÿÕ×�ö:×�ÛÖ�ìê+Ð�Ù¯Ð�ëÖnØ	ôÕ!ÐAá&Ý�×�ÛÖ�ì ×�×bÙ�á�Ö�V×�ÛÖ×�ÒúÑ`ôÓ�Ò©ÓAù:Þ�ï���ÔAÐ�Ý�ÓAÛÛÓ�âWÑ�ÖÑ�Ô�×�Ò©ß ã C å D�ó3ÕÖ���Ô�Ó�ÒúÜ×�Ý�Þ�ïØ	ôÕ!ÐAá&Ý�×�ÛÖ�ìJìá&Ý!ì×�Ô�Ñ�ìèÓ�ð�×�Ñ�ô×�ë×�ÛÖ×GÙ�á�Ö�`×�ÛÖ�ìJÑ�ÖÑ�Ô�×�Ò©ß ã���å á&Ù�Ó&Ý�ÞjÔ�Õ!ÐA×�í�Ô�Ó�ÕÖÖ�é¡ê+Ð�Ù¯ÐAÛÛÓ�âí�ÐAíjÛ×�í�ÓAÔ�Ó�ÕÓ�×:ë!ÐAÑ�Ô�ÛÓ�×:Õ×�ö:×�ÛÖ×���ÔAÐ�Ý�Ó�ÛÛÓ�ânÑ�ÖÑ�Ô�×�Ò©ß3D)93ÕÓ�Ò©×pÔ�Ó æ Óé�Ù�Ó&Ý��ÿÛß�ð�ß�Ô�ÞGá�ß�ôÓ&Ý=Û×�ÛßÉØ�Ñ�Ý�Ó�á�Ö�ìpôÕÖ�Ô+ì�V×�ÛÖ�ì � Ú3Ø	ÛíÜÖÖ u1(.), u2(.)
Ô�Õ×�ðAØ�×�Ô�Ñ�ìbôÓ�Ù�Ó�ð�Õ!Ð&Ô�Þ5ÔAÐAí�é+ë�Ô�Ó�ð�ßòÕ×�ö:×�ÛÖ�ì

ä <��



�������������! #"%$
Ñ�ÖÑ�Ô�×�Ò©ß ã���å Ñ8Ý�ïñð�ß�Ò©Ö`Û!Ð+ë!Ð�Ý�Þ�Ûß�Ò©Ö:Ø�Ñ�Ý�Ó�á�Ö�ìÒ©ÖVÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�íÖVÑ�Ô�Õ×�Ò©Ö	Ý�Ö!Ñ�ÞYí:ê+Ð+Ù¯ÐAÛÛÓ�Ò¡ØÕ×�ö:×�ÛÖï-Ñ�ÖÑ�Ô�×�Ò©ß ã C å DÏLÐAÑ�Ñ�Ò®Ð&Ô�ÕÖá�Ð&ì Ñ�Ó�á�Ò©×�Ñ�Ô�ÛÓ#Ø	Õ!ÐAá�Û×�ÛÖ�ì ã C å é ã���å é�ôÓ&Ý!Ø	ë!ÐA×�ÒúÑ�ÖÑ�Ô�×�Ò¡Ø 2n

Ù�ÖÚYÚY×�Õ×�ÛÜÖ!Ð�Ý�Þ&=
Ûß�àGØ	Õ!ÐAá�Û×�ÛÖâ�é�Ñ�Ó+Ù�×�Õ��VÐ&ù:Ö	à

n
Ø	ôÕ!ÐAá&Ý�×�ÛÖâ

u1(.), u2(.)
D'&3ÛÚYÓ�ÕÒ®ÐAÜÖ�ì#ÓVÚpÐ&ê�Ó�á�Ó�ÒÆá�×�í�Ô�ÓAÕ×

x(t)
��Ô&Ð�Ý�Ó�ÛÛÓ�âÉÑ�ÖÑ�Ô�×�Ò©ßûÛ×�Ö�ê�á�×�Ñ�Ô�Û!Ð�é�Ù�Ó�Ñ�ÔAØ	ôÛßûÖ�ê�Ò©×�Õ×�ÛÖï Ý�Ö�ö:Þl× æ Ó k

í�Ó�Ó�Õ�Ù�ÖÛ!Ð&Ô
x1(t)

D
7YÝ!ìhÝ�ÖÛ×�âÛß8àjÑ�ÖÑ�Ô�×�ÒÀÖhÙÝ!ìZÑ�ÖÑ�Ô�×�Ò�é¯Û×�Ý�ÖÛ×�âÛß�×:ë	Ý�×�Ûßþí	ÓAÔ�Ó�Õß�àlÒ©Ó æ Ø�ÔGð�ß�Ô�ÞÿôÕ×�Ù�Ñ�Ô&ÐAá&=Ý�×�Ûßýí	ÐAílÚ3Ø	ÛíÜÖÖZá�ß�à�Ó�Ù¯Ð

ẋ = Ax + g(y), y = x1,Õ×�ö:×�ÛÖ×õê+Ð�Ù¯Ð�ëÖ^ÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ì^ôÕÖ^Û×�ôÓ&Ý�ÛÓ�âÿÖÛÚYÓ�ÕÒ®ÐAÜÖÖ^Ó1Ù�á�Ö�V×�ÛÖÖ^Ò©Ó(�`×�Ôpð�ß�Ô�ÞbÛ!ÐAâ	=
Ù�×�ÛÓVÑ3ôÓ�Ò©ÓAù:Þ�ï/Ò©×�Ô�Ó�Ù�Ó�áVôÓ�Ñ�Ô�ÕÓ�×�ÛÖ�ì#Ý�ÖÛ×�âÛß�àlÛ!ÐAð&Ý�ï�Ù¯Ð&Ô�×�Ý�×�â)� < 
 é�� ; 
 é�� � 
 é�Ô�Õ!ÐA×�í�Ô�Ó�ÕÖÖZí	Ó&=Ô�Ó�Õß8àjÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�ÖZÑ�Ô�Õ×�Ò¡ì�Ô�Ñ�ìZí

x(t)
D

ø8Ø�Ù�×�ÒòÕ×�ö`Ð&Ô�Þbê+Ð�Ù¯Ð+ë�ØVÑ�ÖÛ�Ô�×�ê+ÐpØ	ôÕ!ÐAá&Ý�×�ÛÖâ�é�Ñ�ëÖ�ÔAÐ&ìÿá�ß�ôÓ&Ý�Û×�ÛÛß�Ò©ÖGÑ�Ý�×�Ù!Ø	ïõù:Ö×1ôÕ×�Ù=
ôÓ&Ý�Ó(�`×�ÛÖ�ì �* ä+å 61ôÕ!ÐAá&Ý�×�ÛÖ�ì u1(.), u2(.)

Ò©Ó æ Ø�Ôÿê+ÐAá�ÖÑ�×�Ô�ÞVÝ�Ö�ö:ÞÿÓAÔÿÖ�ê�á�×�Ñ�Ô�Û!ß�àZá�×�Ý�ÖëÖÛ x1(t)
ÖlÚpÐ�=

ê�ÓAá�Ó æ Ó^á�×�í�Ô�Ó�Õ!ÐVÑ�ÖÑ�Ô�×�Ò©ß ã���å®ç í	Ó�Ó�Õ�Ù�ÖÛ!Ð&Ô p1(t), p2(t) +* < å 7YÝ!ìÉê+ÐAÒ©íÛ�Ø�Ô�Ó�âèÑ�ÖÑ�Ô�×�Ò©ß ã C å é ã���å é4ôÓ&Ý!Ø	ë×�ÛÛÓ�âèájÕ×�ê�Ø+Ý�Þ+ÔAÐ&Ô�×#ôÓ�Ù�Ñ�Ô&ÐAÛÓ�á�íÖèÚ3Ø	Ûí	=ÜÖâ
u1(x1, p1, p2), u2(x1, p1, p2)

áVôÕ!ÐAá�ß�×Yë!ÐAÑ�Ô�Ö ã���å é!á�ß�ôÓ&Ý�Û×�ÛßýØ�Ñ�Ý�Ó�á�Ö�ìlÑ�Ø�ù:×�Ñ�Ô�á�Ó�á�ÐAÛÖ�ìZÖ×�Ù�ÖÛÑ�Ô�á�×�ÛÛÓ�Ñ�Ô�ÖjÕ×�ö:×�ÛÖ�ìZê+Ð�Ù¯Ð+ëÖZ93ÓAö:Ö ∀p(0) ∈ Rn, t > 0.,pïõð�ß�×1Ú3Ø	ÛíÜÖÖ
u1(.), u2(.)

é�Ø�Ù�Ó�á&Ý�×�Ô�á�Ó�Õ�ìïõù:Ö×3ôÕ×�Ù�ôÓ&Ý�Ó(�`×�ÛÖ�ìÒ	- ä é.-3<	é	ðAØ+Ù�×�ÒèÑ�ëÖ	=Ô&Ð&Ô�ÞjÙ�Ó�ô�Ø�Ñ�Ô�ÖÒ©ß�Ò©ÖÆØ	ôÕ!ÐAá&Ý�×�ÛÖ�ìÒ©Ö�D�/ûØ	ë×�Ô�Ó�Ò0��Ô�Ö	àèÑ�Ó æ Ý¯Ð&ö:×�ÛÖâJÙ¯Ð�Ý�×�×#Ò©Ó(�`×�Ò/ôÓ&Ý¯Ð æ Ð�Ô�Þéë�Ô�Ó^Õ×�ö:×�ÛÖ�ìjÑ�ÖÑ�Ô�×�Ò©ß ã���å é!Ñ�Ó�ÓAÔ�á�×�Ô�Ñ�Ô�áAØ�ïõù:Ö!×bá�ß�ð�Õ!ÐAÛÛß�ÒèÙ�Ó�ô�Ø�Ñ�Ô�ÖÒ©ß�ÒÊØ	ôÕ!ÐAá&Ý�×�ÛÖ�ìÒ�é!ìá&=Ý!ìïõÔ�Ñ�ìÉÖ�ê�á�×�Ñ�Ô�Ûß�Ò©ÖòÚ3Ø	ÛíÜÖ�ìÒ©ÖÉá�Õ×�Ò©×�ÛÖ�D211ð�ÓAê�Û!Ð+ëÖÒýë×�Õ×�ê
ei = pi − xi, i = 1, 2

Õ!ÐAÑ�Ñ�Ó&=
æ Ý¯ÐAÑ�Ó�á�ÐAÛÖ�ìZÕ×�ö:×�ÛÖâ Ñ�ÖÑ�Ô�×�Ò ã C å é ã���å D43�ß�ëÖ�Ô&Ð&ìnÖ�êpØ	Õ!ÐAá�Û×�ÛÖâ ã���å Ø	Õ!ÐAá�Û×�ÛÖ�ì ã C å é�ôÓ&Ý!Ø	ëÖÒÑ�ÖÑ�Ô�×�Ò¡ØhÙ�ÖÚ3ÚY×�Õ×�ÛÜÖ!Ð�Ý�Þ�Ûß�àlØ	Õ!ÐAá�Û×�ÛÖâZáVÓAÔ�í	Ý�Ó�Û×�ÛÖ�ì	à

{

ė1 = G1(x1, p1) + g1(x1)e2 + u1,

ė2 = G2(x1, p1) + g2(x1)e2 + u2,
ã > å

æ Ù�×hÑ�Ý¯Ð æ ÐA×�Ò©ß�× Gi(x1, p1) = [gi(p1) − gi(x1)]p2 + fi(p1) − fi(x1), i = 1, 2
ê+ÐAá�ÖÑ�ì�ÔnÔ�Ó&Ý�Þ�í�Ó

Ý�Ö�ö:ÞlÓAÔ#Ö�ê�á�×�Ñ�Ô�Ûß�àÉá�×�Ý�ÖëÖÛ
x1, p1, p2

D°ó3Ó���Ô�Ó�Ò¡Ø�é°Û×VÛ!ÐAÕ�Ø�ö`Ð&ì Ø�Ñ�Ý�Ó�á�Ö×5- ä é�á�á�×�Ù�×�ÒýÛÓ�á�ß�×Ø	ôÕ!ÐAá�Ý�×�ÛÖ�ì
v1, v2

ôÓJÚYÓ�ÕÒ¡Ø�Ý¯ÐAÒ
vi = Gi(x1, p1) + ui, i = 1, 2

D76LÓ æ Ù¯ÐÉØ	Õ!ÐAá�Û×�ÛÖ�ìÊÙÝ!ìÓAÔ�í	Ý�ÓAÛ×�ÛÖâjôÕÖÒ¡Ø�Ôÿá�Ö	Ù
{

ė1 = g1(x1)e2 + v1,

ė2 = g2(x1)e2 + v2.
ã ; å

/ Ø	ë×�Ô�ÓAÒ Ñ�Ù�×�Ý¯ÐAÛÛß�à�Ó�ð�ÓAê�Û!Ð+ë×�ÛÖâýê+Ð�Ù¯Ð+ë!Ð�ÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ìþÒ©Ó��`×�ÔÊð�ß�Ô�ÞÊÕ!ÐAÑ�Ñ�Ò©ÓAÔ�Õ×�=
Û!Ð^í	ÐAíZê+Ð�Ù¯Ð+ë!ÐÿôÓ�Ù�ð�Ó�Õ!ÐVØ	ôÕ!ÐAá&Ý�×�ÛÖâ

v1(.), v2(.)
é¯Ñ�Ô&ÐAð�Ö	Ý�Ö�ê�ÖÕ�Ø	ïñù:Ö	àjê�Û!Ð�ë×�ÛÖ�ìjô×�Õ×�Ò©×�ÛÛß�à

e1, e2

áYÕ!ÐAÑ�ö:ÖÕ×�ÛÛ!Ó�â^Ñ�ÖÑ�Ô�×�Ò©× ã C å é ã ; å D�ó3ÕÖ8��Ô�Ó�Ò Ø�Ñ�Ý�Ó�á�Ö× * ä Û!Ð�Ý¯Ð æ ÐA×�ÔpÓ æ Õ!ÐAÛÖë×�ÛÖ× � Ø	ôÕ!ÐAá&=Ý!ìïõù:Ö×^Ú3Ø	ÛíÜÖÖ
v1(.), v2(.)

Ò©Ó æ Ø�Ôlê+ÐAá�ÖÑ�×�Ô�ÞlÝ�Ö�ö:ÞlÓAÔZô×�Õ×�Ò©×�ÛÛß�à x1, p1, p2

Ö	Ý�Ö�é°ë�Ô�ÓlÔ�Ó
�`×3Ñ�ÐAÒ©Ó�×Aé!ÓAÔ

x1, e1, p2

D
91Ô�ÓAð�ß\Ø	ôÕÓ�Ñ�Ô�Ö�Ô�Þ Õ×�ö:×�ÛÖ×Jê�Ð�Ù¯Ð�ëÖ�Ñ�ÖÛ�Ô�×�ê�ÐÊØ	ôÕ!ÐAá&Ý�×�ÛÖâ�é1Ñ�Ù�×�Ý¯ÐA×�Ò Ù�Ó�ôÓ&Ý�ÛÖ�Ô�×�Ý�Þ�ÛÓ�×

ôÕ×�Ù�ôÓ�Ý�Ó��`×�ÛÖ×Aé ôÓ&Ý¯Ð æ Ð&ì�é�ë�Ô�Ó1Ô�Õ!ÐA×�í�Ô�Ó�ÕÖÖVÑ�ÖÑ�Ô�×�Ò©ß ã C å é ã ; å ôÕÖÛ!Ð�ÙÝ�×#�^Ð&Ô3Û×�í�ÓAÔ�Ó�ÕÓ�Ò¡Ø�é�ôÓ�í	ÐÛ×�ÓAôÕ×�Ù�×�Ý�×�ÛÛÓ�Ò¡Ø�é�ÖÛá�ÐAÕÖ!ÐAÛ�Ô�ÛÓ�Ò¡ØèÙ�ÖÚYÚY×�Õ×�ÛÜÖ!Ð�Ý�Þ�ÛÓ�Ò¡Ø�Ò©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Öï áÉôÕÓ�Ñ�Ô�Õ!ÐAÛÑ�Ô�á�×
ô×�Õ×�Ò®×�ÛÛß�à

x, e
é!í�ÓAÔ�Ó�ÕÓ�×YÓ�ôÖÑ�ß�á�ÐA×�Ô�Ñ�ìjÑ�ÖÑ�Ô�×�Ò©Ó�â

n − k
Õ!ÐAá�×�ÛÑ�Ô�á

e2 − Φ(x1, e1) = 0, ã � å
ä <;:



Ø+Ù�Ó�á&Ý�×�Ô�á�Ó�Õ�ìïõù:Ö	à æ Õ!ÐAÛÖëÛÓ�Ò¡ØZØ�Ñ�Ý�Ó�á�Öï Φ(x1, 0) = 0
D464Ó æ Ù¯Ð`ÙÝ!ìjÕ×�ö:×�ÛÖ�ìjê+Ð�Ù¯Ð�ëÖjÓAÔ�Ñ�Ý�×�=�ÿÖá�ÐAÛÖ�ì Ù�Ó�Ñ�Ô&Ð&Ô�Ó�ëÛÓnôÓ�Ù�Ó�ð�Õ!Ð&Ô�ÞZØ	ôÕ!ÐAá&Ý�×�ÛÖ�ì

v1(.), v2(.)
ÖWÙ�ÖÚYÚY×�Õ×�ÛÜÖÕ�Ø�×�Ò©ß5×hÚ3Ø	ÛíÜÖÖ

Φ(x1, e1)
ÔAÐAí�é�ë�Ô�Ó�ð�ßÆÙÝ!ì^Ô�Õ!ÐA×�í�Ô�Ó�ÕÖâGÕ!ÐAÑ�ö:ÖÕ×�ÛÛÓ�âhÑ�ÖÑ�Ô�×�Ò©ß ã C å é ã���å Ö	Ý�Ö�é�ë�Ô�ÓpÔ�Ó<�V×5Ñ�ÐAÒ©Ó�×AéÑ�ÖÑ�Ô�×�Ò®ß ã C å é ã > å éá�ß�ôÓ&Ý�Û�ì	Ý�ÖÑ�Þ^Ø�Ñ�Ý�Ó�á�Ö�ì �

ä�å limt→∞ e1 = 0 +< å Ø	Õ!ÐAá�Û×�ÛÖ�ì ã � å Ó�ôÖÑ�ß�á�ÐAïõÔYÖÛá�ÐAÕÖ!ÐAÛ�Ô�ÛÓ�×�Ò©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö×Aé&Ø+Ù�ÓAá&Ý�×�Ô�á�Ó�Õ�ìïõö:×�× æ Õ!ÐAÛÖë	=Ûß�Ò�Ø�Ñ�Ý�Ó�á�Ö�ìÒ
Φ(x1, 0) = 0 +C å Ø	í�Ð&ê+ÐAÛÛÓ�×õÒ©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö×õÓAð&Ý¯Ð�Ù¯ÐA×�ÔbÑ�á�Ó�âÑ�Ô�á�Ó�Ò æ Ý�ÓAð�Ð�Ý�Þ�ÛÓ æ Ó:ÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�í	Ó æ Ó:ôÕÖ	=Ô�ì�`×�ÛÖ�ì�D

= F _ ¼4»4ÁM�½:Â�Á�QP�¼°ÃL¼°½�¼4O?>A@CBW¼°ÎD>)È4O4Q ¹ ÃLM�»4¼FE8F�ÏLÐAÑ�Ñ�Ò©ÓAÔ�ÕÖÒ á�Û!Ð+ë!Ð�Ý�×®ê+Ð�Ù¯Ð�ë�ØYÓñÑ�ÖÛ�Ô�×�=
ê�×�Ø	ôÕ!ÐAá&Ý�×�ÛÖâ�é�ôÕÖ^í�ÓAÔ�Ó�Õß�à^Ò©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö×Aé�Ó�ôÕ×�Ù�×�Ý!ì×�Ò©Ó�×õÚYÓ�ÕÒ¡Ø+Ý¯ÐAÒ©Ö ã � å é�ðAØ+Ù�×�ÔpÖÛá�ÐAÕÖ	=ÐAÛ�Ô�Ûß�ÒWÒ©ÛÓ æ Ó�ÓAð�Õ!Ð&ê�Ö×�Ò Õ!ÐAÑ�ö:ÖÕ×�ÛÛÓ�âVÑ�ÖÑ�Ô�×�Ò©ß ã C å é ã ; å DG/®Ù�×�Ý¯ÐA×�Ònê+ÐAÒ©×�Û�Øbô×�Õ×�Ò©×�ÛÛß�à e2

ôÓ
ÚYÓ�ÕÒ¡Ø+Ý�×

η = e2 −Φ(x1, e1)
é æ Ù�×õá�×�í�Ô�Ó�Õ η

à�ÐAÕ!ÐAí�Ô�×�ÕÖ�ê�Ø�×�ÔVÓAÔ�í	Ý�Ó�Û×�ÛÖ×õÔ�Õ!ÐA×�í�Ô�Ó�ÕÖ!âGÑ�ÖÑ�Ô�×�Ò©ß
ã C å é ã ; å ÓAÔ^Ò©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö�ì ã � å D�3ÀÛÓ�á�ß�àlô×�Õ×�Ò©×�ÛÛß�àlØ	Õ!ÐAá�Û×�ÛÖ�ìlÓAÔ�í	Ý�Ó�Û×�ÛÖâlÔAÐAí�Ó�á�ß

{

ė1 = g1(x1)(Φ + η) + v1,

η̇ = [g2(x1) + (Φx1
− Φe1

)g1(x1)](Φ + η) − Φx1
[f1(x1) + g1(x1)p2] + v2 − Φe1

v1,
ã : å

æ Ù�×Yë×�Õ×�ê Φx1
, Φe1

Ó�ð�ÓAê�Û!Ð+ë×�Ûßýìí�Ó�ð�Ö×�á�ßýÒ®Ð&Ô�ÕÖÜß

Φx1
=

∂Φ(x1, e1)

∂x1

, Φe1
=

∂Φ(x1, e1)

∂e1

.

3�ß�ð�×�Õ×�Ò�Ø	ôÕ!ÐAá&Ý�×�ÛÖ×
v2

ÔAÐAíÖÒ�é!ë�Ô�Ó

v2 = −[g2(x1) + (Φx1
− Φe1

)g1(x1)]Φ + Φx1
(f1(x1) + g1(x1)p2) + Φe1

v1.

6LÓ æ Ù¯Ð`Ñ�ÖÑ�Ô�×�Ò®Ð ã : å ôÕÖÛÖÒ®ÐA×�Ôÿá�Ö	Ù
{

ė1 = g1(x1)(Φ + η) + v1,

η̇ = [g2(x1) + (Φx1
− Φe1

)g1(x1)]η.
ãIH�å

1ñÔ�Ñ�ï�Ù¯ÐÿÑ�Ý�×�Ù!Ø�×�Ô�é�ë�Ô�ÓGÚ3Ø	ÛíÜÖ�ì
η(t) = 0

Ø+Ù�Ó�á&Ý�×�Ô�á�Ó�Õ�ì×�Ô#Ñ�ÖÑ�Ô�×�Ò©× ãIH�å é¯Ñ�Ý�×�Ù�Ó�á�Ð&Ô�×�Ý�Þ�ÛÓé�×�Ñ�Ý�ÖáVÛ×�í�ÓAÔ�Ó�Õß�âlÒ©Ó�Ò©×�Û�Ô^á�Õ×�Ò©×�ÛÖ#Õ!ÐAá�×�ÛÑ�Ô�á�Ó ã � å á�ß�ôÓ&Ý�Û×�ÛÓ�éÔ�ÓVÓ�ÛÓ`ðAØ+Ù�×�Ô^á�ß�ôÓ&Ý�Û×�ÛÓ`Ô�Ó(�VÙ�×�=Ñ�Ô�á�×�ÛÛÓVÙÝ!ìlá�Ñ�×�à
t
D

7YÝ!ìnÔ�Ó æ Ólë�Ô�Ó�ð�ß-Ó�ð�×�Ñ�ô×�ëÖ�Ô�ÞZÑ�á�Ó�âÑ�Ô�á�Ó æ Ý�Ó�ð�Ð�Ý�Þ�ÛÓ æ Ó#ôÕÖ�Ô+ì�`×�ÛÖ×`ÙÝ!ì ÖÛá�ÐAÕÖ!ÐAÛ�Ô�ÛÓ æ ÓÒ©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö�ì ã � å Ö^Ø�Ñ�Ô�Õ×�Ò©Ö�Ô�Þ:ÓAÔ�í	Ý�Ó�Û×�ÛÖ�ì e1(t)
íÿÛ�Ø�Ý�ïbé	áYÛ!Ð&ö:×�ÒJÕ!ÐAÑ�ôÓ�Õ�ì�`×�ÛÖÖÿÖÒ©×�×�Ô�Ñ�ì

á�ß�ð�Ó�Õlá�Ö	Ù¯Ð`Ú3Ø	ÛíÜÖÖ
Φ(x1, e1)

Ö#Ø	ôÕ!ÐAá&Ý�×�ÛÖ�ì
v1(.)

D
ó1Ø�Ñ�Ô�ÞÿÚ3Ø	ÛíÜÖ�ì

Φ(x1, e1)
ìá&Ý!ì×�Ô�Ñ�ìZë!ÐAÑ�Ô�Ûß�ÒÀÕ×�ö:×�ÛÖ×�ÒÊÑ�Ý�×�Ù!Ø	ïõù`×�âjÑ�ÖÑ�Ô�×�Ò©ß�Ø	Õ!ÐAá�Û×�=

ÛÖâlá^ë!ÐAÑ�Ô�Ûß�àlôÕÓ�Ö�ê�á�Ó+Ù�Ûß�àlô×�Õá�Ó æ Ó^ôÓ�Õ�ì	Ù�í	Ð

g2(x1) + (Φx1
− Φe1

)g1(x1) = −(λ, . . . , λ)T , Φ(x1, 0) = 0,

æ Ù�× λ > 0
DJ6LÓ æ Ù¯Ð�éñ×�Ñ�Ý�Ö/Ñ�Ó�ÓAÔ�á�×�Ô�Ñ�Ô�áAØ	ïõù`×�×K��Ô�Ó�Ò¡ØþÕ×�ö:×�ÛÖïxØ	ôÕ!ÐAá&Ý�×�ÛÖ×

v2(x1, e1)
Ø�Ù�Ó&=

á&Ý�×�Ô�á�Ó�Õ�ì×�Ô#Ó æ Õ!ÐAÛÖë×�ÛÖï * <	é¯Ô�Ó#Ò©ÛÓ æ Ó�ÓAð�Õ!Ð&ê�Ö×Aé�Ó�ôÕ×�Ù�×�Ý!ì×�Ò©Ó�×`ÚYÓ�ÕÒ¡Ø+Ý¯ÐAÒ©Ö ã � å é�Ó�ð�Ý¯Ð�Ù¯ÐA×�ÔÑ�á�Ó�âÑ�Ô�á�Ó�Ò æ Ý�Ó�ð�Ð�Ý�Þ�ÛÓ æ Ó1ôÕÖ�Ô�ì�`×�ÛÖ�ì�é�Ð1Ñ�Ð&Ò®ÖL��Ô�ÖVÚYÓ�ÕÒ¡Ø+Ý�ßèÓ�ôÕ×�Ù�×�Ý!ìïõÔpÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë!×�Ñ�í�Ø�ïÓ�Ü×�Ûí�Ø#ô×�Õ×�Ò©×�ÛÛß�à
x2(t)

D

ä < H



�������������! #"%$
7YÝ!ì`Ó�ð�×�Ñ�ô×�ë×�ÛÖ�ìGÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�í	Ó�â^Ø�Ñ�Ô�Ó�âëÖá�Ó�Ñ�Ô�ÖÿÛ�Ø�Ý�×�á�Ó æ ÓpÕ×�ö:×�ÛÖ�ìÿÑ�ÖÑ�Ô�×�Ò©ß ãIH�å á�ß�=ð�×�Õ×�Ò Ø	ôÕ!ÐAá&Ý�×�ÛÖ×

v1 = −g1(x1)Φ(x1, e1)−Γe1

é æ Ù�× Γ = MONGP�Q (γ, . . . , γ), γ > 0
D�3òÕ×�ê�Ø+Ý�Þ+Ô&Ð&Ô�×

Ñ�ÖÑ�Ô�×�Ò®Ð ãIH�å ôÕ×�Ó�ð�Õ!Ð&ê�Ø�×�Ô�Ñ�ìZílá�Ö	Ù!Ø
{

ė1 = g1(x1)η − Γe1,

η̇ = −Λη,
ã�ä @ å

æ Ù�× Λ = MONGP�Q (λ, . . . , λ)
D

ó1Ø�Ñ�Ô�Þ
V (t) = 1

2
(eT

1 e1 + ηT η) ç Ú3Ø	ÛíÜÖ�ìR,Yìô�Ø	ÛÓ�á�Ð3ÙÝ!ìGÑ�ÖÑ�Ô�×�Ò©ß ã�ä @ å D.S©×ñôÕÓ�Ö�ê�á�Ó�Ù�Û!Ð&ìáVÑ�Ö	Ý!ØhÑ�ÖÑ�Ô�×�Ò©ß ã�ä @ å Õ!ÐAá�Û!Ð
V̇ (t) = −eT

1 Γe1 + eT

1 g1(x1)η − ηT Λη.

/�Ó æ Ý¯ÐAÑ�ÛÓõÑ�Ù�×�Ý¯ÐAÛÓ�Ò¡ØYôÕ×�Ù�ôÓ&Ý�Ó(�`×�ÛÖïbé���Ô&Ð�Ý�Ó�ÛÛ!Ð&ìYÔ�Õ!ÐA×�í�Ô�Ó�ÕÖ�ì x(t)
ìá&Ý!ì×�Ô�Ñ�ìbÓ æ Õ!ÐAÛÖë×�ÛÛÓAâÚ3Ø	ÛíÜÖ×�âèá�Õ×�Ò©×�ÛÖ�D©ó3ÕÖWÙ�Ó�ôÓ&Ý�ÛÖ�Ô�×�Ý�Þ�ÛÓ�Ò/Ô�Õ×�ð�Ó�á�ÐAÛÖÖJÓ æ Õ!ÐAÛÖë×�ÛÛÓ�Ñ�Ô�ÖJê�Û!Ð�ë×�ÛÖâ g1(x1)Ö�ê�ôÓ�Ñ�Ý�×�Ù�Û× æ ÓpÕ!ÐAá�×�ÛÑ�Ô�á�Ð3Ñ�Ý�×�Ù!Ø�×�Ô�é�ë�Ô�Ó3ê�Û!Ð+ë×�ÛÖ�ì γ, λ

Ò©Ó æ Ø�ÔYð�ß�Ô�ÞYá�ß�ð�Õ!ÐAÛßJÔ&ÐAíÖÒWÓ�ð�Õ!Ð&ê�Ó�Ò�éë�Ô�Ó1ôÕÓ�Ö�ê�á�Ó�Ù�Û!Ð&ì:Ú3Ø	ÛíÜÖÖT,Yìô�Ø	ÛÓ�á�Ð
V̇ (t)

Ñ�ÔAÐAÛÓ�á�Ö�Ô�Ñ�ì`Ó�ôÕ×�Ù�×�Ý�×�ÛÛÓ3ÓAÔ�ÕÖÜ!Ð&Ô�×�Ý�Þ�ÛÓ�âVÚ3Ø	Ûí	=
ÜÖ×�âÉá�Õ×�Ò©×�ÛÖ�DF6¡ÐAíÖÒýÓ�ð�Õ!Ð&ê�Ó�Ò�é°álÕ×�ê�Ø+Ý�Þ+Ô&Ð&Ô�×GôÕ×�ÙÝ�Ó(�V×�ÛÛÓ�âÉÑ�à�×�Ò©ß Ñ�ÖÛ�Ô�×�ê+ÐZØ	ôÕ!ÐAá&Ý�×�ÛÖâ
ôÓ&Ý!Ø	ë!Ð&×�Ò�é�ë�Ô�Ó

ä�å Ô�Õ!ÐA×�í�Ô�Ó�ÕÖÖjÑ�ÖÑ�Ô�×�Ò©ß ã C å é ã ; å Ñ�Ô�Õ×�Ò¡ì�Ô�Ñ�ìjí#Ò©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Öï e2 − Φ(x1, e1) = 0 +< å limt→∞ e1 = 0 +C å Ö�ê æ Õ!ÐAÛÖëÛÓ æ ÓnØ�Ñ�Ý�Ó�á�Ö�ì Φ(x1, 0) = 0
ÙÝ!ìÉÙ�ÖÚYÚY×�Õ×�ÛÜÖÕ�Ø�×�Ò®ÓAâÆÚ3Ø	ÛíÜÖÖ

Φ(x1, e1)Ñ�Ý�×�Ù!Ø�×�Ô�é¯ë�Ô�Ó
limt→∞ e2 = 0

D
U F S Q	º¡Q�¾4Qn¿�Á!ÂAÃLM�ÄJ¼ ¹ Q»4¼°ÅWÈ4¿ ¹ Í`Î�¿�º2>V>AW�Ã¡¿ ¹ ¿OEèÂ�R�¿�O4¿¯Â�Á¼òÁ ¹ M�O�º¡¿OWA¿jÁM�ÃLQ�FO3èí�Ð�=

ë×�Ñ�Ô�á�×GôÕÖ	Ý�Ó(�`×�ÛÖ�ì Ù¯ÐAÛÛÓ æ ÓlÑ�ôÓ�Ñ�Ó�ð�ÐlÕ×�ö:×�ÛÖ�ìÉê+Ð�Ù¯Ð+ëÖÉÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ìÉÕ!ÐAÑ�Ñ�Ò®Ó&Ô�ÕÖÒþØ	Õ!ÐAá&=Û×�ÛÖ�ì�é�Ó�ôÖÑ�ß�á�ÐAïõù:Ö×^á�Õ!Ð&ù:×�ÛÖ×^ôÓ#ÖÛ×�ÕÜÖÖ Ô�á�×�Õ�Ù�Ó æ ÓlÔ�×�Ý¯Ð#á�Ó�íÕ�Ø æ Û×�ôÓ�Ù�á�Ö�ÿÛÓ�ânÔ�Ó�ëíÖ�éÑ�ÓAá�ô!Ð�Ù¯ÐAïõù:×�âZÑYÜ×�Û�Ô�ÕÓ�Ò�Ô+ì�`×�Ñ�Ô�ÖlÔ�×�Ý¯Ð�D
11ðAÓAê�Û!Ð�ëÖá

a1 =
A2 − A3

A1

, a2 =
A3 − A1

A2

, a3 =
A1 − A2

A3

é�ê+ÐAôÖ�ö:×�Ò Ø	Õ!ÐAá�Û×�ÛÖ�ì
X â	Ý�×�Õ!Ð











ẋ1 = a1x2x3,

ẋ2 = a2x3x1,

ẋ3 = a3x1x2,

ã�ä�ä�å
æ Ù�× A1, A2, A3 ç Ò©Ó�Ò©×�Û�Ô�ßJÖÛ×�ÕÜÖÖbÔ�×�Ý¯ÐñÓAÔ�ÛÓ�Ñ�Ö�Ô�×�Ý¯Þ�ÛÓ æ Ý¯ÐAá�Ûß�àbÓ�Ñ�×�â�é x(t) ç á�×�í�Ô�Ó�ÕbØ æ Ý�Ó�á�Ó�âÑ�í�Ó�ÕÓ�Ñ�Ô�ÖlÔ�×�Ý¯Ð�D4/�ÖÑ�Ô�×�Ò¡Ø ã�ä�ä�å ðAØ�Ù�×�Ò�Õ!ÐAÑ�Ñ�Ò®Ð&Ô�ÕÖá�Ð&Ô�Þÿí�Ð&íD��Ô&Ð�Ý�Ó�ÛÛ�Ø	ï�ÙÝ!ì#ê+Ð�Ù¯Ð+ëÖlÓAÔ�Ñ�Ý�×��ÿÖ	=á�Ð&ÛÖ�ì)D�ó3Õ×�Ù�ôÓ&Ý�Ó��^ÖÒ5é�ë�Ô�Ó:ô×�Õá�ß�×5Ù�á�×õí	Ó�Ò©ôÓ�Û×�Û�Ô�ß

x1(t), x2(t)
á�×�í�Ô�Ó�Õ!ÐYØ æ Ý�Ó�á�Ó�âÿÑ�í�Ó�ÕÓ�Ñ�Ô�Ö

x(t)
Ö�ê�á�×�Ñ�Ô�ÛßYD
/�ÓAÑ�ÔAÐAá�ÖÒþá�Ñ�ôÓ�Ò©Ó æ Ð&Ô�×�Ý�Þ�Û�Ø	ï Ñ�ÖÑ�Ô�×�Ò¡Ø�é4ôÕ!ÐAá�ß�×^ë!ÐAÑ�Ô�Öòí	ÓAÔ�ÓAÕÓ�âòÒ©Ó æ Ø�ÔjÑ�Ó�Ù�×�Õ��^Ð�Ô�ÞjôÕÓ&=Ö�ê�áAÓ&Ý�Þ�Ûß�×pÚ3Ø	ÛíÜÖÖ

ui(.), i = 1, 2, 3 �










ṗ1 = a1p2p3 + u1,

ṗ2 = a2p1p3 + u2,

ṗ3 = a3p1p2 + u3.

ã�ä < å
65Õ×�ðAØ�×�Ô�Ñ�ì ôÓ+Ù�Ó�ð�Õ!Ð&Ô�ÞòØ	ôÕ!ÐAá&Ý�×�ÛÖ�ì

u1, u2, u3

Ô&ÐAíÖÒ Ó�ð�Õ!Ð&ê�Ó�Ò�é8ë�Ô�Ó�ð�ß�Ý�ïñð�Ó�×jÕ×�ö:×�ÛÖ× Ñ�Ö	=
Ñ�Ô�×�Ò®ß ã�ä < å ÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�íÖòÑ�Ô�Õ×�Ò©Ö	Ý�Ó�Ñ�Þjí ê+Ð�Ù¯ÐAÛÓ�Ò¡ØnÕ×�ö:×�ÛÖï Ñ�ÖÑ�Ô�×�Ò©ß ã�ä�ä�å D¯7YÝ!ìY��Ô�Ó æ Ó

ä CA@



Ñ�Ó�Ñ�ÔAÐAá�ÖÒ�Ø	Õ!ÐAá�Û×�ÛÖ�ìèÓ&ö:Öð�Ó�í�éLÓ�ð�ÓAê�Û!Ð+ëÖánÑ�Ó�ÓAÔ�á�×�Ô�Ñ�Ô�áAØ�ïõù:Ö!×hÓAÔ�í	Ý�Ó�Û×�ÛÖ�ìèë×�Õ×�ê
ei(t) =

= pi(t) − xi(t), i = 1, 2, 3 �










ė1 = a1(e1p3 + e3x2) + u1,

ė2 = a2(e2p3 + e3x1) + u2,

ė3 = a3(e1p2 + e2p1) + u3.

ã�ä C å
ø8Ø+Ù�×�ÒÀÕ×�ö`Ð&Ô�Þÿê+Ð�Ù¯Ð�ë�Ø#Ñ�ÔAÐAð�Ö	Ý�Ö�ê+ÐAÜÖÖnÛ�Ø�Ý�×�á�Ó æ ÓGÕ×�ö:×�ÛÖ�ìnÑ�ÖÑ�Ô�×�Ò©ß ã�ä C å áÿÓ�íÕ×�Ñ�Ô�ÛÓ�Ñ�Ô�ÖÛ×�í	ÓAÔ�Ó�ÕÓ æ ÓnÓ�Ù�ÛÓ�Ò©×�ÕÛÓ æ ÓjÒ©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö�ì e3 − Φ(x1, x2, e1, e2) = 0.

/®Ù�×�Ý¯ÐA×�Ò�ê+ÐAÒ©×�Û�ØÉô×�Õ×�=
Ò©×�ÛÛÓ�â

e3

ôÓhÚYÓ�ÕÒ¡Ø�Ý�×
η = e3 − Φ(x1, x2, e1, e2)

Ö á�á�×�Ù�×�ÒúÛÓ�á�ß�×:Ø	ôÕ!ÐAá&Ý�×�ÛÖ�ì�é�ê+ÐAá�ÖÑ�ì�ù:Ö×
Ý�Ö�ö:ÞÿÓAÔ`Ù�Ó�Ñ�ÔAØ	ôÛß�àZÖ�ê�Ò©×�Õ×�ÛÖïüá�×�Ý�ÖëÖÛ

x1, x2

ÖlÚpÐ�ê�Ó�á�Ó æ ÓVá�×�í�Ô�Ó�Õ!Ð^Ñ�ÖÑ�Ô�×�Ò©ß ã�ä < å
v1 = a1(e1p3 + x2Φ) + u1, v2 = a2(e2p3 + x1Φ) + u2, v3 = a3(p1p2 − x1x2) + u3. ã�äZ��å

3 ÛÓ�á�ß�à#ô×�Õ×�Ò©×�ÛÛß�àZÑ�ÖÑ�Ô�×�Ò®Ð ã�ä C å ê�ÐAôÖ�ö:×�Ô�Ñ�ìZÔ&ÐAí










ė1 = a1x2η + v1,

ė2 = a2x1η + v2,

η̇ = (a1x2Φx1
+ a2x1Φx2

)(η + Φ − p3) + v3.

ã�ä > å
�YÐ�ô×�Õá�Ó�Ò#ö`Ð æ ×©í	Ó�ÛÑ�Ô�Õ�Ø	ÖÕÓ�á�ÐAÛÖ�ìpá�Ñ�ôÓ�Ò®Ð æ Ð&Ô�×�Ý�Þ�ÛÓ�âpÑ�ÖÑ�Ô�×�Ò©ßòôÓAÔ�Õ×�ðAØ�×�Ò�é�ë�Ô�Ó�ð�ßWØ	ôÕ!ÐAá&=Ý�×�ÛÖ×

v3

Ø+Ù�Ó�á&Ý�×�Ô�á�Ó�Õ�ì	Ý�ÓÿÕ!ÐAá�×�ÛÑ�Ô�áAØ
v3 = (a1x2Φx1

+ a2x1Φx2
)(p3 − Φ) − Φe1

v1 − Φe2
v2. ã�ä ; å

ó3Õ!ÐAá�Ð&ìGë!ÐAÑ�Ô�Þ ã�ä ; å Û×ñê+ÐAá�ÖÑ�Ö�Ô`ÓAÔ`ô×�Õ×�Ò©×�ÛÛß�à x3, e3, η
ÖGôÓ���Ô�Ó�Ò¡ØÿÔ&ÐAí�Ó�×ñØ	ôÕ!ÐAá&Ý�×�ÛÖ×1ìá&Ý!ì	=

×�Ô�Ñ�ìGÙ�Ó�ô�Ø�Ñ�Ô�ÖÒ©ß�Ò�DO3ÀÕ×�ê�Ø�Ý�Þ�Ô&Ð&Ô�×YÑ�ÖÑ�Ô�×�Ò®Ð`Ø	Õ!ÐAá�Û×�ÛÖâlá`ÓAÔ�í	Ý�Ó�Û×�ÛÖ�ì	à ã�ä > å ôÕ×�Ó�ð�Õ!Ð&ê�Ø�×�Ô�Ñ�ìláÑ�ÖÑ�Ô�×�Ò©ØVÙ�ÖÚYÚY×�Õ×�ÛÜÖ!Ð�Ý�Þ�Ûß�àGØ	Õ!ÐAá�Û×�ÛÖâ�é�ÙÝ!ìGí�ÓAÔ�Ó�ÕÓ�âGÒ©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö×Aé	Ó�ôÕ×�Ù�×�Ý!ì×�Ò©Ó�×1ÚYÓ�Õ	=Ò¡Ø+Ý�Ó�â
e3 − Φ(x1, x2, e1, e2) = 0

é�ìá&Ý!ì×�Ô�Ñ�ìlÖÛá�ÐAÕÖ!ÐAÛ�Ô�Ûß�Ò �










ė1 = a1x2η + v1,

ė2 = a2x1η + v2,

η̇ = [a1x2(Φx1
− Φe1

) + a2x1(Φx2
− Φe2

)]η.

ã�ä � å
7YÝ!ì#Ñ�á�×�Ù�×�ÛÖ�ì#ê+Ð�Ù¯Ð�ëÖ#ÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ìlíhê+Ð�Ù¯Ð+ë×Yë!ÐAÑ�Ô�ÖëÛÓ�âlÑ�ÔAÐ&ð�Ö	Ý�Ö�ê+ÐAÜÖÖZô×�Õ×�Ò©×�ÛÛß�à

e1, e2

Ô�Õ×�ðAØ�×�Ô�Ñ�ìZÓ�ð�×�Ñ�ô×�ëÖ�Ô�Þé�ë�Ô�Ó�ð�ß �[ å Ø	í	Ð&ê+ÐAÛÛÓ�×`Ò®ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö×`Ó�ð&Ý¯Ð�Ù¯Ð�Ý�Óhð�ß/Ñ�á�Ó�âÑ�Ô�á�Ó�Ò æ Ý�Ó�ð�Ð�Ý�Þ�ÛÓ æ Ó#ÐAÑ�ÖÒ©ô�Ô�ÓAÔ�Öë×�Ñ�í�Ó æ ÓôÕÖ�Ô�ì�`×�ÛÖ�ì +\ å Ú3Ø	ÛíÜÖ�ì Φ(x1, x2, e1, e2)
á5Õ!ÐAÑ�Ñ�Ò®Ð&Ô�ÕÖá�ÐA×�Ò©Ó�âbÓ�ð&Ý¯ÐAÑ�Ô�Öpð�ß�Ý¯Ð�Û×�ôÕ×�Õß�á�ÛÓ�âbÚ3Ø	ÛíÜÖ×�â

Ñ�á�Ó�Ö	àlÐAÕ æ Ø	Ò©×�Û�Ô�Ó�áÿÖhØ+Ù�Ó�á&Ý�×�Ô�á�Ó�Õ�ì	Ý¯Ð æ Õ!ÐAÛÖëÛÓ�Ò¡ØGØ�Ñ�Ý�Ó�á�Öï Φ(x1, x2, 0, 0) = 0
D

ó3Ó�Ñ�í	Ó&Ý�Þ�í�Ø#Ø	ôÕ!ÐAá&Ý�×�ÛÖ×
v3

Ø!�`×bá�ß�ð�Õ!ÐAÛÓÿôÓÿÚYÓ�ÕÒ¡Ø+Ý�× ã�ä ; å é!Ô�Ó^ÙÝ!ìjá�ß�ôÓ&Ý�Û×�ÛÖ�ìjØ�Ñ�Ý�Ó&=á�Öâ [ å Ö \^] ðAØ+Ù�×�ÒúÖÑ�í�Ð&Ô�ÞlÚ1Ø	ÛíÜÖï
Φ(x1, x2, e1, e2)

í	ÐAí Õ×�ö:×�ÛÖ× æ Õ!ÐAÛÖëÛÓ�â ê+Ð�Ù¯Ð+ëÖnÙÝ!ìØ	Õ!ÐAá�Û×�ÛÖ�ìZáVë!ÐAÑ�Ô�Ûß�àZôÕÓ�Ö�ê�á�Ó�Ù�Ûß�àlô×�Õá�Ó æ Ó^ôÓ�Õ�ì	Ù�í	Ð
a1x2(Φx1

− Φe1
) + a2x1(Φx2

− Φe2
) = −λ, Φ(x1, x2, 0, 0) = 0. ã�ä : å

3�Ö	ÙhÕ×�ö:×�ÛÖ�ì^Ø	Õ!ÐAá�Û×�ÛÖ�ì ã�ä : å Ñ�Ø�ù:×�Ñ�Ô�á�×�ÛÛÓbê+ÐAá�ÖÑ�Ö�ÔbÓAÔbÑ�Ó�ÓAÔ�ÛÓAö:×�ÛÖ�ìÿê�Û!ÐAí	Ó�ápô!ÐAÕ!Ð&Ò®×�Ô&=ÕÓ�á
a1, a2.
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ÏLÐAÑ�Ñ�Ò©ÓAÔ�ÕÖÒÆê+Ð�Ù¯Ð�ë�ØGÓAÔ�Ñ�Ý�×��ÿÖá�ÐAÛÖ�ìGÙÝ!ì#Ñ�ÖÑ�Ô�×�Ò ã�ä�ä�å é ã�ä < å ôÕÖlÓ�ôÕ×�Ù�×�Ý�×�ÛÛß�àlÓ æ Õ!ÐAÛÖ	=ë×�ÛÖ�ì	àÿÛ!ÐYÕ!ÐAÑ�ôÕ×�Ù�×�Ý�×�Û!Ö×1Ò®ÐAÑ�ÑõápÔ�á�×�Õ�Ù�Ó�ÒòÔ�×�Ý�×AD-úÖÒ©×�ÛÛÓé�ôÕ×�Ù�ôÓ&Ý�Ó��ÿÖÒ�é�ë�Ô�Ó:ô!ÐAÕ!ÐAÒ©×�Ô�Õß

a1, a2

ÖÒ©×�ïõÔÿÕ!Ð&ê�Ûß�×3ê�Û!ÐAíÖ�D X Ô�ÓVôÕ×�Ù�ôÓ&Ý�Ó��`×�ÛÖ×YðAØ+Ù�×�Ôÿá�ß�ôÓ&Ý�Û×�ÛÓé!í�Ó æ Ù¯Ð`Ò©Ó�Ò©×�Û�Ô�ßþÖÛ×�Õ	=ÜÖÖWØ+Ù�ÓAá&Ý�×�Ô�á�Ó�Õ�ìïõÔnÓ�Ù�ÛÓ�Ò¡Ø Ö�êÿÛ×�Õ!ÐAá�×�ÛÑ�Ô�á � 1)A1 < A3, A2 < A3; 2)A3 < A2, A3 < A1

D
64Ó æ Ù¯Ð^íÕ!ÐA×�á�Ð&ìlê+Ð�Ù¯Ð�ë!Ð ã�ä : å ÖÒ©×�×�Ô#Ó æ Õ!ÐAÛÖë×�ÛÛß�×:Õ×�ö:×�ÛÖ�ì�D?1õÙ�ÛÖÒÀÖ�êbÔ&ÐAíÖ	àjë!ÐAÑ�Ô�Ûß�ànÕ×�=ö:×�ÛÖâ#ì!á�Ý!ì!×�Ô�Ñ�ì

Φ(x1, x2, e1, e2) = λ
sign a1√
−a1a2

[

P�_�`�a.Q
(√

−a2

a1

x1

x2

)

− P�_�`�a.Q
(√

−a2

a1

x1 + e1

x2 + e2

)]

. ã�ä(H�å
ó3Ó�Ý¯Ð æ Ð&ì

v1 = −γe1, v2 = −γe2, ã <A@ å
ôÓ&Ý!Ø	ë!Ð&×�Ò�é�ë�Ô�Ó`ôÓ&Ý�Ó(�ÿÖ�Ô�×�Ý�Þ�ÛÓ:Ó�ôÕ×�Ù�×�Ý�×�ÛÛ!Ð&ì#Ú3Ø	ÛíÜÖ�ì

V (t) = 1

2
(e2

1 + e2
2 + η2)

á�ß�ð�Ó�ÕÓ�ÒJôÓ&=
Ñ�Ô�Ó+ìÛÛß�à

λ, γ
Ò©Ó(�V×�Ô3ð�ß�Ô�Þ3Ñ�Ù�×�Ý¯ÐAÛ!Ð3Ó�ôÕ×�Ù�×�Ý�×�ÛÛÓpÓAÔ�ÕÖÜ!Ð&Ô�×�Ý�Þ�ÛÓ�â^Û!ÐõÔ�Õ!ÐA×�í�Ô�Ó�ÕÖì	àVÑ�ÖÑ�Ô�×�Ò©ß

ã�ä � å DF6L×�Ò/Ñ�ÐAÒ©ß�ÒüôÓ�í�Ð&ê�ÐAÛÓé¡ë�Ô�Ó Ú3Ø	ÛíÜÖÖ v1, v2, v3

éLá�ß�ëÖÑ�Ý�×�Ûß�×lôÓnÚYÓ�ÕÒ¡Ø+Ý¯ÐAÒ ã <A@ å é ã�ä ; åÖÊÓ�ôÕ×�Ù�×�Ý!ìïõù:Ö×Aé�ÑlØ	ë×�Ô�Ó�Ò ôÕ×�Ó�ð�Õ!Ð&ê�Ó�á�ÐAÛÖâ ã�äZ��å Ø	ôÕ!ÐAá&Ý�×�ÛÖ�ì u1, u2, u3

é8Ó�ð�×�Ñ�ô×�ëÖá�ÐAïõÔ
ÐAÑ�ÖÒ®ô�Ô�Ó&Ô�Ö!ë×�Ñ�í	Ó�×VÑ�Ô�Õ×�ÒLÝ�×�ÛÖ×VôÕÓ�Ö�ê�á�Ó&Ý�Þ�ÛÓ�ânÔ�Õ!ÐA×�í�Ô�Ó�ÕÖÖWÑ�ÖÑ�Ô�×�Ò©ß ã�ä < å íjÔ�Õ!ÐA×�í�Ô�Ó�ÕÖÖWÑ�Ö	=Ñ�Ô�×�Ò®ß ã�ä�ä�å éÖÒ©×�ïõù:×�âlê+Ð�Ù¯ÐAÛÛß�×Yê�Û!Ð+ë×�ÛÖ�ìZí�Ó�Ó�Õ�Ù�ÖÛ!Ð&Ô x1(t), x2(t)
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á�×�Ñ�Ô�Ûß�ÒÊí�Ó�Ò©ôÓ�Û×�Û�Ô&ÐAÒ�ÚpÐ&ê�Ó�á�Ó æ Ó`á�×�í�Ô�Ó�Õ!Ð�DO11Û#Ó�Ñ�ÛÓ�á�ÐAÛhÛ!Ð`ÖÑ�ôÓ&Ý�ÞAê�Ó�á�ÐAÛÖÖ#Ò©×�Ô�Ó�Ù�Ó�á`Ø	ôÕ!ÐAá&=Ý!ì×�Ò©Ó�ânÑ�Ô&ÐAð�Ö	Ý�Ö�ê+ÐAÜÖÖÉÛ×�Ý�ÖÛ×�âÛß�à Ñ�ÖÑ�Ô�×�ÒýÓAÔ�ÛÓ�Ñ�Ö�Ô�×�Ý�Þ�ÛÓlë!ÐAÑ�Ô�ÖWô×�Õ×�Ò®×�ÛÛß�à�D)61Õ!ÐAá�Û×�ÛÖ�ì
ÖÑ�à�Ó�Ù�ÛÓ�âVÑ�ÖÑ�Ô�×�Ò©ßJÙ�Ó�ôÓ&Ý�Û�ìïõÔ�Ñ�ì`Ø	Õ!ÐAá�Û×�ÛÖ�ìÒ©Ö`×�×�Ø	ôÕ!ÐAá&Ý!ì×�Ò©Ó æ Ó3ôÕÓAÔ�ÓAÔ�Öô!Ð�D�7YÝ!ì:ôÓ&Ý!Ø	ë×�Û	=ÛÓ�âGÕ!ÐAÑ�ö:ÖÕ×�ÛÛÓ�â#Ñ�ÖÑ�Ô�×�Ò©ßýÕ×�ö`ÐA×�Ô�Ñ�ìhê+Ð�Ù¯Ð+ë!Ð:Ñ�ÖÛ�Ô�×�ê+Ð:Ø	ôÕ!ÐAá&Ý�×�ÛÖâ�é�ôÕÖhí�ÓAÔ�Ó�Õß�àhÒ©ÛÓ æ Ó�Ó�ð&=Õ!Ð&ê�Ö×Aé!Ó�ôÖÑ�ß�á�ÐA×�Ò©Ó�×3Ñ�ÖÑ�Ô�×�Ò©Ó�âhÙ�Ó�ôÓ&Ý�ÛÖ�Ô�×�Ý�Þ�Ûß�àlÑ�Ó�ÓAÔ�ÛÓAö:×�ÛÖâ�é!Ñ�ÔAÐAÛÓAá�Ö�Ô�Ñ�ìlÖÛ�Ô�× æ Õ!Ð�Ý�Þ�Ûß�ÒÒ©ÛÓ æ ÓAÓ�ð�Õ!Ð&ê�Ö×�Ò�D�3�Ö	ÙòØ	í�Ð&ê+Ð&Ûß�àÉÙ�Ó�ôÓ&Ý�ÛÖ�Ô�×�Ý�Þ�Ûß�àèÐ+Ý æ ×�ð�Õ!ÐAÖë×�Ñ�íÖ	àJÑ�Ó�ÓAÔ�ÛÓAö:×�ÛÖâèá�ß�ð�ÖÕ!Ð�=ïõÔ�Ñ�ì#Ô&ÐAí�é!ë�Ô�Ó�ð�ßýôÓ&Ý!Ø	ë×�ÛÛÓ�×YÖÛá�ÐAÕÖ!ÐAÛ�Ô�ÛÓ�×YÒ©ÛÓ æ Ó�Ó�ð�Õ!Ð&ê�Ö�ì#Ñ�Ô&Ð�Ý�Ó æ Ý�Ó�ð�Ð�Ý�Þ�ÛÓVôÕÖ�Ô+ì æ Öá�ÐAï5=ù:ÖÒÆÖGØ+Ù�Ó�á�Ý�×�Ô�á�Ó�Õ�ì	Ý�ÓVíÕ!ÐA×�á�Ó�Ò¡ØÿØ�Ñ�Ý�Ó�á�Öïbéí	Ó&Ô�Ó�ÕÓ�×YÓAð�×�Ñ�ô×�ëÖá�ÐA×�Ô^Ñ�ÔAÐAð�Ö	Ý�Ö�ê+ÐAÜÖï/Û�Ø�Ý�×�á�Ó æ ÓÕ×�ö:×�ÛÖ�ìjÑ�ÖÑ�Ô�×�Ò©ßþØ	Õ!ÐAá�Û×�ÛÖâlÓAö:Öð�Ó�í�D
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