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Abstract. We consider quasi-self-adjoint extensions of the symmetric operator
A= —(sgnz)Ly, dom(A) = {f € W2(R) : £(0) = f'(0) = 0}, in the Hilbert

dxz2
space L*(R). The main result is a criterion of similarity to a normal operator

for operators of this class. The spectra and resolvents of these extensions are
described. As an application we describe the main spectral properties of the

operators (sgnx) (—% + 05) and (sgnz) (—% + 05').
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Introduction

Consider the symmetric operator A in the Hilbert space L?(R) defined by
dom(4) = {f € W(R) : f(0) = f'(0) = 0},
(Af)(z) = —(sgnz)f"(x) for f € dom A. (0.1)
The object of investigation is the similarity of quasi—self-adjoint extensions of A
(see [1]) to a normal operator. Let us recall that two operators 77 and T in
a Hilbert space $) are called similar if there exists a bounded operator C with

bounded inverse C~! such that Ty = C~1T,C.
Spectral problems

(Ly)(x) = Ar(z)y(z), (0.2)
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where L is an elliptic operator and the function r(x) change sign, occur in certain
physical models (see [4] and references therein). The question whether the system
of eigenfunctions of the problem (0.2) forms a Riesz basis was studied in [3], [4],
[19], [32] [33], [34] (see also references in [34]). If the operator 2L has a nonempty
continuous spectrum, then the corresponding problem is the similarity of %L to a
self-adjoint (normal) operator.

In [9], [6], [15], [7], [8], [16] the Krein-Langer spectral theory of definitizable
operators (see [28]) was applied to similarity problems for quasi J-nonnegative
operators (see [15]) of the form L. In particular, B. Curgus and B. Najman [7]
showed that the operator

2

T dom(A) = W2(R), (0.3)

A= —(sgnz)

is similar to a self-adjoint one.

This result was proved by another method in [21]; the method is based on
the Naboko-Malamud criterion of similarity to a self-adjoint operator [31], [29]
(see also [5]). One more proof is presented in [20]. In the recent papers [22], [13],
[14], [24] the Naboko-Malamud criterion was applied to different J-self-adjoint
differential operators.

Differential operators with an indefinite weight are of interest from one more
point of view. The characteristic function W (-) of the operator 1L as well as the
corresponding J-form J — W*JW is unbounded in C,.. Therefore known sufficient
conditions of similarity to a self-adjoint operator cannot be applied here (see [30],
[20] and bibliography therein).

In the present paper we describe quasi-self-adjoint extensions Ap of the sym-
metric operator A in terms of boundary triplets (see [18], [11]). In Sections 3—4
we formulate a criterion of similarity of Ap to a normal (self-adjoint) operator.
In order to illustrate these results in Section 5 we obtain simple similarity criteria
for operators with local point interactions at zero

N d2 ~ d2
Ay ==sgnzx < + 015) ,c1€C, As:=sgnzx ( +025') , co € C.
dx? dz?
(See definitions of the operators Ay, Ay in [2] and also in Section 5 of the present
paper).

The results of the paper were announced in [23].

Notation: By $), H we denote separable Hilbert spaces. The set of all bounded
linear operators from $) to H is denoted by [$), H] or [9] if $H = H. C(H) stands for
the set of closed densely defined operators in ). Let T be a linear operator in a
Hilbert space $. In what follows dom(T'), ker(T"), ran(7") are the domain, kernel,
range of T', respectively. We denote by o(T), o.(T), o.(T) the point, residual
and continuous spectra of T. By o0,(T) the set of eigenvalues of T is indicated.
We denote the resolvent set by p(T); Rr (A) := (T —X)™', A € p(T), is the
resolvent of T'. Recall that o,.(T) = {A € o(T) \ 0,(T) : ran(T — \I) # 9},

0e(T) = o(T) \ (o (T) U o (T)).
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Weset Cp :={Ae€C : £ImA > 0}, Ry := (0,400), R_ := (—00,0). By
xz(t) we denote the characteristic function of the interval Z, i.e., xz(t) = 1 for
teZ, xz(t) =0 for t ¢ Z. Finally, we set x+(t) := xr, (t).

1. Preliminaries

1.1. A similarity criterion

Our approach is based on the concept of boundary triplets (see [18], [11]) and the
resolvent similarity criterion obtained by S. N. Naboko [31] and M. M. Malamud
[29] (in [5] this criterion was obtained under an additional assumption).

Theorem 1.1 ([29, 31]). A closed operator T in a Hilbert space $) is similar to a
self-adjoint one if and only if 0(A) C R and for all f € § the inequalities

“+oo
sup [ =R (uie) £ du < C A
+oo
sup [ elRe (v ie) S dp < €11 (1)

are valid with constants C' and C* independent of f.

1.2. Linear relations
Definition 1.1. (i) A closed linear relation © in 'H is a closed subspace © of H&H.

(13) The closed linear relation © is symmetric if for all {f1,91},{f2,92} € ©
the condition

(glan) - (flaQQ) :Oa (12)

is satisfied.

(i4i) The closed linear relation © is self-adjoint if it is mazimal symmetric,
i.e., © is symmetric and there does not exist a closed symmetric relation © such
that © is properly contained in 0.

Let us illustrate closed linear relations by simple examples.

Example 1.1. (i) Let B be a closed operator in H, not necessarily bounded. Then
the graph G(B) of B is a closed relation in H. Moreover, if B = B* is a self-
adjoint operator, then G(B) is a self-adjoint relation in H.

(14) The subspaces Oy := {0} x H, ©1:="H x{0} of H xH are self-adjoint
relations in H. Obviously, ©q is not the graph of any operator.

1.3. Boundary triplets

Let A € C($) be a closed symmetric operator with equal deficiency indices ny (A) =
n_(A) (ne(T) := dimNy; and by N, := ker(T* — \) the deficiency subspaces of
A are indicated). Without loss of generality we can assume that A is simple. This
means that A has no self-adjoint parts.
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Definition 1.2 ([1]). (i) A closed extension A of A is called a proper extension if
ACACA”. The set of all proper extensions is denoted by Ext 4.
(i) A proper extension A is called a quasi-self-adjoint if
dim(dom(A)/ dom(A)) = ni(A). (1.3)

We recall the definition of a boundary triplet which may be considered as an
abstract version of the second Green formula.

Definition 1.3 ([18]). A triplet I = {H,T,T'1} consisting of an auxiliary Hilbert
space H and linear mappings
I'; :dom(A*) — H, Jj€{0,1}, (1.4)

is called a boundary triplet for the adjoint operator A* of A if the following two
conditions are satisfied:
(1) The second Green’s formula

(A% f,9) = (f,A%9) = T1f.Tog)n — Tof. Trg)n,  f,g € dom(A"), (1.5)
takes place and
(ii) the mapping

[:dom(A*) — H&H, Lf:={Tof,T1f}, (1.6)
s surjective.

The above definition allows one to describe the set Ext 4 in the following way
(see [10, 11]).
Proposition 1.1 ([10, 11]). Let II = {H,T'g,I'1} be a boundary triplet for A*. Then
the mapping T establishes a bijective correspondence A — © :=I'(dom(A)) between
the set Exts and the set of closed linear relations in H.

By Proposition 1.1 the following definition is natural.

Definition 1.4. Let IT :~{H, Ty, Ty} be a boundary triplet for the operator A*.
(1) Denote Ao = A if © =T(dom(A)), that is

Ag = A*|De, where Dg :={f € dom(A") : {Tvf, 1} € ©}. (1.7)

(i1) If © = G(B) is the graph of B € C(H), then dom(Ag) is determined by
the equation dom(Ap) = Dp := Dg = ker(I'y — BTy). We set Ap := Ae.

Let us make the following remarks.

Remark 1.1. 1) The deficiency indices ny(A) are equal to the dimension of H,
i.e., dim(H) = n4(A).

2) There exist two self-adjoint extensions A; := A*| ker(I';) which are natu-
rally associated to a boundary triplet. According to Definition 1.4 A; = Ag;,j €
{0,1}, where ©g = {0} x H, ©; = H x {0}. Conversely, if Ay is a self-adjoint
extension of A, then there exists a boundary triplet II = {H,To,T1} such that
AO = A*| keI‘(Fo).
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3) © is the graph of an operator B € C(H) iff A and Ao are disjoint, i.e.,
dom(A) Ndom(Ag) = dom(A).

4) © = G(B) with B € [H] iff A and Ay are transversal, i.e., A and Ay are
disjoint and dom(A) + dom(A4g) = dom(A*).

Definition 1.5 ([12]). The proper extension A € Exta is called almost solvable if

there exists a boundary triplet 11 = {H,To,T'1} and an operator B € [H] such that

dom(;l) = dom(Ap) := ker(T'; — BT). (1.8)

The set of almost solvable extensions is denoted by As4. Note that the class

Asy is sufficiently wide. Proper extensions having two regular points A, Ay € C

such that Im A1 - Im Ay < 0 belong to As,. All quasi-self-adjoint extensions are in
Asy if ni(A) < 00.

1.4. Weyl functions

It is well known that Weyl functions are an important tool in the direct and inverse
spectral theory of singular Sturm-Liouville operators. In [10, 11] the concept of
Weyl function was generalized to an arbitrary symmetric operator A with infinite
deficiency indices n4(A) = n_(A). In this subsection we recall basic facts about
Weyl functions.

Definition 1.6 ([10, 11]). Let II = {H,T'o,T'1} be a boundary triplet for the operator
A*. The Weyl function of A corresponding to the boundary triplet {H,To,T'1} is
a unique mapping
M(:) : p(Ao) — [H] (1.9)
satisfying
Flf)\ = M()\)F()f)\ fO’I“ all f)\ eMNMy, A€ p(A()), (110)
where Ny := ker(A* — \I).

It is well known (see [10, 11]) that the above implicit definition of the Weyl
function is correct and M (-) is an R-function obeying 0 € p(Im(M (7))). The Weyl
function immediately provides some information about the “spectral properties”
of proper extensions. We confine ourselves to the case of almost solvable extensions
of the symmetric operator A.

Proposition 1.2 ([11, 12]). Suppose that Il = {H,To,T'1} is a boundary triplet for
A*, M(-) is the corresponding Weyl function, A € p(Ag) and B € [H]. Then:
1) A€ p(Ap) if and only if 0 € p(B— M(N));
2) A€ o;(Ap) if and only if 0€ o;(B—M(N), i€ {p,r,c}.
1.5. ~-fields
With each boundary triplet we can associate a so-called ~-field.

Definition 1.7 ([11]). Let IT = {H, T, 1} be a boundary triplet for A*. The ~-field
~v(+) corresponding to 11 is defined by

A(A) = (T " H — My, A € p(Ag). (1.11)
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One can easily check that
Y(A) = (Ao — X0) (Ao — N) 7 'v(Xo), A Ao € p(Ao), (1.12)

and consequently () is a 7-field in the sense of [26]. It is shown in [11] that the
~-field y(-) and the Weyl function M (-) are related by

M) = M(Xo)" = (A= X0)7(X)"1(A), A, Ao € p(Ao). (1.13)

The relation (1.13) means the M(-) is a Q-function in the sense of [26].
The following version of the Krein-Naimark formula for canonical resolvents
(see for instance [26]) is based on the notion of boundary triplets.

Theorem 1.2 ([10, 11]). Let A be an almost solvable extension of A (A € As,),
i.e., A= Ap with B € [H] for some boundary triplet I = {H,T¢,T'1}. Then
(Ap =N = (Ao =N +9NB - M) (), Aep(dp).  (1.14)

Here M(-) and () are the Weyl function and y—field corresponding to the triplet
II.

2. Extensions of the minimal operator

2.1. Boundary conditions

Consider the operator A of the form (0.1). It is obvious that A is a closed simple
symmetric operator with deficiency indices ny(A) = 2.

We denote by +/z the branch of the multifunction on the complex plane C
with the cut along R_, singled out by the condition v/—1 + i0 = 1.

Theorem 2.1. (i) The adjoint operator A* has the form
d2

A* = —(sgna:)@, dom(A*) = WF(R\ {0}) :== W (R_) @ WF(Ry). (2.1)
(ii) Let mappings T'; : WZ(R\ {0}) — C2, j ={0,1}, be given by
f(+0) f'(+0)
Lof = < f’(—O) )a If= ( —f(—O) ) . (2-2)

Then 1 = {C?,To,T1} is a boundary triplet for A*.
(1ii) The corresponding Weyl function M(-) is

M(A)::(‘P 4?&)’ AeC\R. (2.3)

iv) The corresponding y—field y(\) : C? — 9y, is
(iv)

v(A) < zi’ > =y e VNN (3) + % . eﬁxx,(x), ey €C. (2.4)
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Proof. The first statement is obvious. Moreover, we have

(Af, g) = (f, A%g) = f'(+0)g(+0) + f(=0)g(-0)—
— f(+0)g'(+0) = f(=0)g'(=0), f, g € dom(A"). (2.5)

Hence (i¢) follows from Definition 1.3.
Note that

Ny ={fa(z) i =cy - e_‘/:\xXJr(x) +c_ - eﬁxx,(x) :eq € Ch (2.6)

Combining (2.2) and (2.6), one gets
Tofa = ( C_Ck > Tify= ( _Cjﬁ > (2.7)

By Definitions 1.6 and 1.7, we easily obtain (2.3) and (2.4). O

Let us introduce the following boundary conditions at zero

{ allf(—O) + a12f’(—0) + CL13f(+0) + a14f’(+0) =0

az1f(—=0) + a2 f'(=0) + a3 f(4+0) + aga f'(+0) =0’ a;; €C. (28)

By Definition 1.2, a quasi-self-adjoint extension A of the operator A has the form

121 = A(a”) = A*| dom(A(aij)),
dom(A(,,,)) = {f € WF(R\ {0}) : f satisfies conditions (2.8)}, (2.9)

with the matrix

ailr a2 a1z ai4
(aij) 12( )

a1 Aa22 G23 (24
such that
rank(a;;) = ni(A) = 2. (2.10)

Consider three cases.
aj;p a2 0 0 al a4 0 0

e (89 ) = (80 e (220 ) 2 (20, th
A= A_® A;, where A is an operator in L?(R+). By condition (2.10), we see
that one of the operators A_, A, is a symmetric with deficiency indices (1,1) and
another one is an adjoint to a symmetric operator with deficiency indices (1,1).
Hence C\ R C 6,(A) and A is not similar to a normal operator.

2) Suppose that < @ a2 > and ( @3 G ) have a zero column. Since

a21 22 a2z Q24

rank(a;;) = 2, it follows that A=A_® A, where A, and A_ are self-adjoint
operators in L?(R,) and L?(R_), respectively. Thus A = A*.
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3) Suppose that there are three nonzero columns in (a;;). In this case one of
the determinants

A = ail  ai4 Ay = aiz2 ais
= , =
a21 Aa24 G2  A23
Ay = a12 A14 Ay = a1 ais (2 11)
aze G4 |’ a1 a3

does not vanish.
Evidently, only the case (3) is of interest to us.

2.2. The case A; # 0

Let Ay # 0. (The cases Ag # 0, Az # 0, and Ay # 0 will be considered in Section
4.) Then conditions (2.8) take the form

{ f/(+0) = bllf("H)) + lefI(_O) (2 12)
= f(=0) = b1 f(+0) + ba2 f'(-0). '
Hence, by Definition 1.5, A(,,,) = Ap = A*|ker(I'y — BTg). Here

bin b2 2%2
B= eC
( ba1 b2 )

and the boundary triplet IT = {C?, Ty, "1} is of the form (2.2).
In what follows Ap stands for the operator
2

daz?’
For B € C?*2 and the Weyl function M(-) of the form (2.3) we define the

function ¢p(-) : C\R — C by

op(N) :==det(B—M())), AeC\R (2.14)

Lemma 2.1. Suppose Ap is the operator of the form (2.13) and |bia| + |b21] # 0;
then:

(i) 0o(Ap) = ;

(i) or(Ap) = @

(133) op(AB) ={A € C\R:pp(A\) =0} ={A e Cy : pp(\) =0}Uu{reC_:
<PB*( ) =0}.

Proof. Simple calculations show that there are no eigenvalues on the real axis
and o.(Ap) = R. The second and the third statements evidently follow from

Ap = —sgnx—; dom(Ap) = {f € WZ(R\{0}) : f satisfies (2.12)}. (2.13)

Proposition 1.2. (]
Lemma 2.2. Let I = {H,Ty,I'1} be a boundary triplet of the form (2.2). Then
+oo
[ f(t)e V=2t
TNf=1 0 ,  feL*R) (2.15)

I [ fmeYMat
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Proof. By Theorem 2.1.(iv), v*(-) is a map from L?(R) to C2. To find v*(-) we use
the equation

(YNe, Nz = (67" N fez, e= (

Combining (2.4) and (2.16), one gets

C1
C2

) €C? feL?*R). (2.16)

+o0 0
Ct- 767\/jt 672 . 76\57: =C1- * 1TC2" * 2. .
0/f(t) dt+ 5 Zo f)e¥dt (N rtez- (N f)a- (2.17)

Hence (2.15) immediately follows from (2.17). d

Let us denote
0

+oo
Yo (fA) = /f(t)e‘mtdt, Y (fA) = /f(t)eﬁtdt, AEC\R.
0 — 00

(2.18)
Lemma 2.3. Let the operator Ap be of the form (2.13) and Ay = A*|kerT'y. Then

((Ap =N = (Ao = N)7f) (2) =

VAT z 1 -
) (VTR (7)1,

+
VX pp(A) VA
f e L*R), A€ p(Ag). (2.19)
Here op(-) and yi(f,-) are given by (2.14) and (2.18), respectively.

Proof. By (2.3), for A € p(Ap) (see Lemma 2.1) one obtains
—1
- bi1 +vV—=A b2 )
B—M\) "= =
( ) ( boy bag + 1/VA

_ 1 bag + 1/V/A —b12
N (pB()\) < —[)21 bll + \/j ) . (2.20)

Combining (2.4), (2.15), (2.20) with formula (1.14), we get (2.19). O

3. Similarity to a normal operator

3.1. The main result
For each B € C?*2 let us define the function ¢}, : C; — C in the following way.
We set

05 () = pp(\) = det(B — M(\)) for AeCy, (3.1)
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and for z € R by ¢%(z) we denote the boundary values of ¢p()\) in Cy,
oh(x) = lim det(B — M(2)), z € RU{co}. (3.2)
zeCy

Note that the function ¢, is analytic on C; and continuous on Cy \ {0}.
The following similarity criterion is the main result of the paper.

Theorem 3.1 (Main Theorem). Assume that Ay # 0 and the operator Ap is defined
by (2.13). Let o and L. be the functions defined in (3.1)—~(3.2) and |bia|+|b21| #
0. Then Ap is similar to a normal operator if and only if the following conditions
hold:

(i) ¢f and ©j. have no zeroes in the set R U {oco};

(44) cpg and @E* have no zeroes of the second order in C,.

Remark 3.1. Suppose that |bia| + |b21| = 0. Then the operator Ag has the form

/4B 2114_ @5/4+,
where the operators Ay : L?(Ry) — L*(Ry) are given by
d2
Ay = Fooa dom(A+) = {f € WZ(Ry) : f(£0) + by - f/(£0) =0}. (3.3)

Here by := —1/by1, b_ := bas. Operators Ay are well studied.

Remark 3.2. The function p}; has a simple form. Indeed, by (2.14) and (2.3), we
have

) b -
@A) = —ibyaVA+ (bribas — bigbar) — i + %, A e Cy\ {0} (3.4)
So the conditions of Theorem 3.1 can be easily checked (see Section 5). Let us

remark that the function @Jlg has at most two zeroes (a zero of multiplicity k is
counted as k zeroes).

A criterion of similarity to a self-adjoint operator immediately follows from
Theorem 3.1.

Theorem 3.2. Let |b12|+|b21| # 0. Then the operator Ag is similar to a self-adjoint
one iff the functions @E and ¢} do not vanish in C..

Proof. By Lemma 2.1.(iii), 0(Ap) = R iff the functions ¢}; and ¢} have no zeroes
in C;. Combining this fact with Theorem 3.1, we get Theorem 3.2. ]

To prove the main theorem we recall the following Lemma.

Lemma 3.1. If an operator T is similar to a normal one, then the inequality

C

1T =207 < G o)

(3.5)

holds with some constant C > 0.
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3.2. Some estimates
We start with the following lemma.
Lemma 3.2. Let |bia| + |bo1]| # 0. Suppose there exists A\g € R U {oo} such that

05 (M) = 0 or 5. (\o) = 0. Then the operator Ap of the form (2.13) is not
stmilar to a normal operator.

Proof. Without loss of generality suppose that be; # 0 and gozg,()\o) = 0 for some
Ao € R.
It is obvious that for A € C\ R

/ Flt)e vV at

2

sup |y4+(f, A)> = sup
IFlI<1 [FiES!

2 1 _ 1
X+(x)||L2 - |2Re\/j)\| - |21m\/x|
Further, we set fi(-) := f(-)x+(-), f € L*(R). By (2.19), we have

(3.6)

[(Ap =AD" fy = (Ao = AD) Vi[5 =

eV (x) ( i

1
b22+> y+(f+ M| +
PN 2\ L
iz ’
eV x_(z)
+[bor| - | ——— v ([ N
A€ p(Ap)NCy. (3.7)
Combining (3.6) and (3.7), one obtains
2
[(Ap = AD) ™! = (Ao —AD) M2, > <622 + 1) S S
L VA 205(0) - Im VA
2
bo1 1

n . . (38
WX 5N [ReVA-Tm VA (3:8)
Now if we recall Lemma 2.1, we obtain that dist(A,c(Ap)) = |Im | in some

neighborhood of \g. Therefore, for sufficiently small € and A = A\g + ie

dist(\, 0(Ap))? - [|[(Ap =AD" = (A9 = AD) 7Y%, >

b21 -Im A 1 1
. >C;-— (39
2l i | TReva -t - O T 3

Then the left part of inequality (3.9) is unbounded in the neighborhood of Ag. Note
that Ay is a self-adjoint operator. Hence inequality (3.5) is valid for Ag. Therefore,
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the function
dist(X, 0(Ap)) - [[(As — A7 . (3.10)

is unbounded in the neighborhood of Ag. By Lemma 3.1, the operator Apg is not
similar to a normal operator.

If 5 (00) = 0, then formula (3.4) implies ¢ 5 (\) = b11/V/A for A € C,. Hence
for € large enough

dist(ie, 0(Ap))? - ||(Ap — ieD) ™" — (Ao — ieD) |2, >
> |b21‘ ) 82 _
_4|b11| |Re\/EIHl\/Z>€|

Since the right part of (3.11) is unbounded in C, we see that Ap is not similar
to a normal operator. O

Coe . (3.11)

Lemma 3.3. Let |bia| + |ba1| # 0. Suppose that the function ¢}, has a zero of
algebraic multiplicity 2 in C,.. Then Ap is not similar to a normal operator.

Proof. Let ba; # 0 (the case b1z # 0 can be considered in the same way). Suppose
Ao € C4 is a zero of multiplicity 2 of ¢} (-). By (3.8), we have for A € p(Ap) NC..

b 1
Ap =) = (Ao = AD)7Y . 2 2 : . (312
H( B ) (Ao ) HLZ* 4\540}()0 |Rev/X - Tm v/A|1/2 ( )
Since Ao € p(Ao), we see that (3.12) implies
1(As =AD) 7|2 = ?0 . Oy = const >0, (3.13)
(M

in some neighborhood of \g. Therefore \q is a pole of multiplicity 2 of the resolvent
(Ap — M)~t. Consequently, the operator Ap is not similar to a normal one. [J

We also need the following estimates.

Lemma 3.4. Let A\ = p+ie, (¢ > 0). Let y+(f, \) be of the form (2.18). Then the
following inequalities

Tl v )
€ / A ¢ X+(2) L dp < 2m - Cu| fI| 2o, (3.14)

Tl s ol :
64 ‘ VU X-(2) L dp < 27 - Co| f]| 12 (3.15)

are valid for all f € L*(R) with constants Cy,Cy independent of € and f.
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Proof. Let us prove the inequality (3.14) for y_(f, A).
Put f_(-) := f(-)x—(*), f € L*(R). Denote by F(z) the Fourier transform of
I-
1
F(z) = — _(t)e #dt, zeCy,. 3.16
@)= = [ 10 ; (3.16)
—o0
Note that F(-) € H?>(C,) and ||F|| g2 = ||f—|lz2 < ||f|lz2. Further, we obtain

2

“+o0 “+o0
y-(f;A) = / 1 ; 2|| ,—V—=Az||2
—F € ZX x dy =27 fFZ\/X e r 2dp =
/ =4 @), =2 | GO

L2
A 2 4
=2 ——|F ’L\/X _ar <
”/zmhnm‘ (V%) o /N
ie+00 1 )
<or — = FGEVN)| AV =
N / 2\Im\/XRe\/X|‘ ( >‘ | |
1e+00 1 ) 2 1e+00 )
P / o ravn| A= [ [FavR| aval 3
‘ Im A\ €
Hence we find the estimate
+o0 (f /\) 2 ie+00 )
e/l‘y_\/x’-e_‘/jx)(+(x) dp < 2 / [PaVR[ avAl.  (3.18)
L2 ,

Finally, let us remark that |dv/)| is the Carleson measure for all € > 0 (see [17]). Tt
is easy to see that the Carleson norms of these measures are uniformly bounded.
Then, by the Carleson embedding theorem (see [17]), there exists C; > 0 such
that for all € > 0 the inequality

ie+00
2
[ [FaVD] VA clFle =Gl < lfle (319)
1€ —00
holds. Combining (3.18) and (3.19), one gets (3.14).
Other inequalities can be obtained analogously. O

3.3. Proof of Theorem 3.1

3.3.1. Necessity. Follows immediately from Lemmas 3.2 and 3.3.
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3.3.2. Sufficiency. a) Suppose that conditions (¢) and (i4) of Theorem 3.1 hold.
Suppose also that A; € C is a unique zero of ¢5(-) and ¢}.(-) does not vanish
in C4. Then, by Lemma 2.1, 0(Ap) = RU{\ }.
Denote by B(A1) a closed neighborhood of A; such that B(A1) C C.. Let us
consider the Riesz projection
Po= = (Ap —N)ldA | (3.20)
21 OB(\1)
where dB(\1) is the boundary of B(\1).
Then (see [25]) Py € [L*(R)] and AgP; = PiAg. Since Ay is a self-adjoint
operator, it follows that
1

21 dB(\1)

1
(A =)= (Ag— NN dr= — (Ap —N)~tda. (3.21)
21 dB(\1)
It is not hard to show that Py is a one-dimensional operator in L?(R). Actually,
we set my, = lim A=A Using (3.21) and (2.19), one gets

N P
(P;f/\)l(x) =e VTN oy (2) <<b22 + \/1/\—1> y+(fi ) — % 'y(fa)‘l)> +
eV Ly (x) (b + VA 2
+ vor ( I ~y(f,)\1)—b21-y+(f,)\1)), f € L*(R).

(3.22)

Let us write (3.22) in the following form

(Pf)(@) ey vt 1 Vi y_(z)
T, v [ o) (bt ) - bﬁ]
y-(fiM) | = eVNT L (x)
T l V@) (i) + T (b ﬁﬂ |
(3.23)
Note that
(bae + %) —b12 B 7 B
det ( _bmﬁ (byy — i) ) =det(B— M(X\)) =¢p(A1)=0. (3.24)

Hence P; is a one-dimensional operator.
b) By step (a), the space = L?(R) can be decomposed as (see [25])

=9 + H1, 9, =PF;9n, je{0,1}, Py:=1-"P. (3.25)

Moreover, AgpP; = P;jAp,j € {0,1}, and the operator Ap admits the following
decomposition

Ap =AY + AL, AL .= PjApP;, je{0,1}. (3.26)
We also have o(AL) = {1} and 0(A%) = R.
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Let us show that the inequality

+oo
swp [ &R urie) | du<Clnfs fem  (2)

e>0
—0o0
holds with some constant C > 0.
Since ¢}%(+) does not vanish in R U {oo}, we see that Lemma 3.4 and (2.19)

imply

sup / IRay(utio)fIPdu < CilfI7.  fel’(®).  (3.28)
) neER
ntiegB(A1)
Therefore
swp [ IRy S Pdi< Gl fe (3.29)
15
nER
ptieZB(A1)

Further, let us recall that A; € p(A%). It means that the operator-function R A0, (A)
is bounded on B(A1). If we combine this with (3.29), we get (3.27).

Since 0(A%) = R and ¢}.(-) have no zeroes in C,, we can obtain in the
same way the estimate

+o0
sup/ IR a0, (1 + ie) fIIPdu < C*| £, f € $o, C* = const > 0.

e>0J -0
(3.30)
Hence, by Theorem 1.2, the operator A% is similar to a self-adjoint operator.
Moreover, AL is a one-dimensional operator. Thus the operator Ap is similar to
a normal one.
¢) General case. Suppose that conditions (i) and (i) hold, i.e., ¢5(-) and
¢} (+) do not vanish on RU {oo} and have only simple zeros in C.. Let us denote
by n(¢}) the number of zeroes of ¢} (+) in C4. Then n(Ag) = n(¢g) +n(ph.) is
the number of eigenvalues of Ag, 0,(Ap) ={\;i:i=1,...,n(Ap)}, (op(Ap) =10
if n(Ag) =0).
By (3.4), the function ¢ (-) has at most two zeroes in C,.. Hence n(Ap) < 4.
It can be shown in the same way as in step (b) that exists a decomposition

L*(R) = 90 + 91 + .. + HDnan),

Ap =AY+ AL 4. 4 AanAs) (3.31)

Here A} is similar to a self-adjoint operator and A% are one-dimensional opera-
tors.
Thus, Apg is similar to a normal operator. This completes the proof.
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4. Other boundary conditions

4.1. The case Ay # 0
The following theorem is an obvious corollary of Theorem 2.1.

Theorem 4.1. (i) The triplet II, = {C?,T,T1}, where T'; : WZ(R\{0}) — C2,j €

{0, 1},
_( —f'(+0) _( f(+0)
Fof— ( f(—O) ) ) Flf— ( f/(_o) ) ’ (4'1)
is a boundary triplet for A*.
(i) The corresponding Weyl function M(-) is

M) = My(2) = ( L= % ) . AeC\R (4.2)
(iii) The corresponding y—field v(\) : C* — Ny, is

v(A) ( o ) = C+L eV () el eV (), cy €C. (4.3)

c_ V=
If Ay # 0 then the boundary conditions (2.8) take the form
{ f(+0) = =b11 f/(+0) + b2 f(=0) (4.4)
J'(=0) = =bar f'(+0) + ba2 f(=0) '

Further, by Definition 1.5, we get
A,y = Ap = A*|ker(T'; — BT,), B= buu biz ) poxe (4.5)
9 ba1 b2z
As before, denote by ¢p(-) the function as in (2.14) with M(-) as in (4.2).

Combining Proposition 1.2 and Theorem 1.2, one obtains

Lemma 4.1. If Ap is the operator (4.5) and |bia| + |b21| # 0 then:
(i) oc(AB) =R, o,(Ap)=0;
(it) op(AB) ={A€C\R:pp(A\) =0} ={A e Cy:pp(A) =0tu{reC_:

¢p-(A) =0}

(t4i) The Krein formula has the form
(A =N = (Ao = X)) (2) =

_ eV x i (@) (b — VA

¢B(A) - V=A V=X

e\fz. x 21
fe LZ(R)a (46)

where Ag = A*| ker Ty, A € p(Ap) N p(Ap), and y+(f, \) are defined by (2.18).

Y (fsN) = biz - y—(f, A)) +

+




Differential operators with indefinite weights and a point interaction 17

4.2. The case Az # 0

Let As # 0. In this case we write the boundary conditions (2.8) in the following
form

{ f/(+0) = bi1 f(4+0) + b12f(—0) (4.7)
f'(=0) = b21 f(+0) + baa f(—0). -

_f b1 b2
Let B = < boy Doy ) and

Ap = A*|dom(Ap), dom(Ap) = {f € WZ(R\ {0}) : f satisfies (4.7)}. (4.8)

Theorem 4.2. (i) The triplet I3 = {C?,T,T1}, where T'; : WZ(R\ {0}) — C?,j €

{0,1},
_( f+0) _( I'(+0)
FOf— ( f(—O) ) ) Flf— ( f/(_o) ) ) (4'9)
is a boundary triplet for A*.
(1) The corresponding Weyl function M(-) is

M) = My(\) = ( _\F %) . AeC\R. (4.10)

(iii) The corresponding y—field y()\) : C? — 9y is

C_

v(A) < o+ ) =cy e VTN YL (1) 4 o ~eﬁwx,(x), cy € C. (4.11)

Therefore, Ap of the form (4.8) is an almost solvable extension of A and
Ap = A*|ker(T'y — BTy), where I';, i € {0, 1}, are defined by (4.9).

Lemma 4.2. Let the function ¢p(-) be of the form (2.14) with M(-) defined by
(4.10); let the operator Ap is given by (4.8) and |bia| + |bo1| # 0. Then:

(7’) UC(AB) =R, UT(AB) =0;

(i) op(Ap) ={A€C\R:9pp(A) =0} ={AeCy :pp(\) =0}U{reC_:
pp+(A) = 0}.

(iii) The Krein formula has the form

(A =7 = (Ao =N f) (2) =

e_\/jiv_x ((L‘)
:W((b22_\/X)-y+(f7)\)—b12.y7(f7/\)>+
e )\m'Xf(l')
+T<A)<_b21'y+(f’A)+(bn+m%yf(f,k))7 fe L2(R),

(4.12)

where Ag = A*|ker Ty, X € p(Ap) N p(Ag), and y+(f,\) are given by (2.18).
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4.3. The case Ay # 0
If Ay # 0, then boundary conditions (2.8) take the form

—f(40) = b11 f/(+0) + b1 f'(—0)
{ —f(=0) = ba1 f'(+0) + baa f'(—0). (4.13)

For B = < b bip ) we set
bor  bao

AB = A*| dOHl(AB),
dom(Ag) = {f € WZ(R\ {0}) : f satisfies (4.13)}. (4.14)
Theorem 4.3. (i) The triplet Iy = {C?,T,T1}, where T'; : WZ(R\ {0}) — C?,j €
{0,1},
() (AR

is a boundary triplet for A*.
(i) The corresponding Weyl function M(-) is

M(X) = My() == ( V‘F 712\5 ) ., AEC\R. (4.16)
(iii) The corresponding y—field y(\) : C* — Ny, is
(M) ( zf > = —%-6’H$X+(x) + \%\-e‘mx,(x), cr €C. (4.17)

Therefore, Ap as in (4.14) is an almost solvable extension of A and Ap =
A*|ker(I'y — BI'y), where I'j, j € {0,1} are given by (4.15).

Lemma 4.3. Suppose the function ¢p(-) is given by (2.14) with M(-) as in (4.16).
If the operator Ap is given by (4.14) and |by2| + |ba1| # O then:

(i) 0c(AB) =R, o.(Ap) =0;

(i) op(Ap) ={A€C\R:9p(N) =0} ={Ae€Cy :pp(\) =0}U{reC_:
pp+(A) = 0}.

(iii) The Krein formula has the form

((Ap = N7 = (Ao = N7 f) (2) =

_ eV (@) (BN L,y (BN
- (PB()\)\/TA ((b22+1/\/X) \/TA +b12 \/X )+

N @) (o w BN ey 8 .
+ on ) -V (b21 NaSY + (b1 1/\/7) I\ )7 feL ((R), |
4.18

where Ag = A*| ker Ty, A € p(Ap) N p(Ap), and y+(f, \) are given by (2.18).
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4.4. The similarity criterion
Arguing as above, we see that for the cases considered in subsections 4.1-4.3 ana-
logues of Theorems 3.1 and 3.2 hold.

Theorem 4.4. Theorems 3.1 and 3.2 are valid for the extensions Ap with boundary
conditions (4.4), (4.7) or (4.13) if the function M(-) is replaced by (4.2), (4.10)
or (4.16), respectively.

5. On similarity of (sgnx) <—% + 05> and (sgnx) (—% + 0(5’> to
normal operators

5.1. Let us illustrate the previous results by several examples. We start with
- 5 =
the operator A = —(sgnz)-L;, see (0.3). It is obvious that A = Ap, where Ap is

an almost solvable extension of the form (2.13) with B = < _01 (1) > It follows
from (3.4) that in this case
GEN = b =1—4i, AeTy.
Hence, by Theorem 3.2, one obtains the result of [7].
Theorem 5.1 ([7]). The operator A = f(sgnx)% is similar to a self-adjoint

operator.

5.2. Let § be the Dirac delta. Let us introduce the following differential

expression
2

—% +es,  ceC\{o} (5.1)

Here § formally represents a contact interaction at zero if ¢ € R.
In L?(R), expression (5.1) generates the differential operator L.s defined by

dom(Les) = {f € W3(R\{0}) : f(+0) = f(=0), f'(+0) — f'(=0) = cf(-0)},

d2
dx?
(see for example [2, 35]). We put A5 := JL.s, where (Jf)(z) = (sgna)f(x), i.e.,
the operator A.s is defined in L?(R) by the differential expression

ch = (52)

2
(sgnz) <_ja:2 + 05) , c e C\{0}. (5.3)

It is clear that the operator A.s is an extension of the operator A of the form (0.1).
Moreover, A.s = Ap where Ap is given by (2.13) and

B:BC:=<01 3). (5.4)
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Theorem 5.2. Let ¢ # 0.
(1) The operator Ags is similar to a normal one if and only if Rec # —|Im¢|.
(1i) Aes is similar to a self-adjoint operator if and only if Rec > —|Im|.

Proof. Let B be given by (5.4). By (3.4), one gets

@E(A)=1—¢+\%, @E*()\):l—i+%7 AeTI\{0}).  (55)

Note that p5(+) or . (-) have a real zero iff Re(c) = —|Im(c)|. Furthermore,
©5(-) and ¢5.(-) do not vanish in C; iff Re(c) > —|Im¢|. Hence the statements
of Theorem 5.2 obviously follow from Theorems 3.1 and 3.2. O

5.3. Let us consider the extension Az of the form (2.13) with
~ = 0 1
B=B.= < . ) ¢ 0.

This is a so-called ”operator with ¢’'—interaction” (see [2]). The formal differential
expression corresponding to Az is

d2
(sgn ) ( prci 06'> c e C\{0}. (5.6)
Therefore we will denote the operator Az by Acsr.

Theorem 5.3. Let ¢ # 0.
(i) The operator A.s: is similar to a normal one if and only if Rec # —| Im¢|.
(17) Acsr is similar to a self-adjoint operator if and only if Rec > —|Imc]|.

Proof. So, by (3.4), we have

o N =1—i—icVX, ¢\ =1-i—icvVA, AeC,. (5.7)
These functions have a real zero iff Rec = —|Im ¢|, have no zeros in C, iff Rec >
—|Im ¢|. Hence the statements of Theorem 5.3 follow from Theorems 3.1 and 3.2.

O

Remark 5.1. Let L be a self-adjoint extension of the symmetric operator
(Lf)(z) = —f"(z), dom(L)={f € WZ(R): f(0) = f'(0) = 0}. (5.8)

Assume that the boundary condmons at 0 associated with the extension L are
nonsepamte i.e., the operator L does not admzt the following decomposition L+ &)

L_, where Ly = L|(dom(L) N L2(Rx.)). Then L can be considered as an operator
with a singular interaction (see [27] for the details). Using the arguments of this
section, one can describe the main spectral properties of the corresponding J-self-
adjoint operator A:=JL.
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